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Multi-wave mixing (MWM) is an important nonlinear optical process, and has significant applications
in nonlinear optics and quantum information science. This article reviews these advances and recent
development in this field. In the frequency domain, the coexistence of four-wave mixing (FWM)
and six-wave mixing (SWM) is first experimentally demonstrated via electromagnetically ally induced
transparency, and in addition mutual competition with energy as well as exchange spatio-temporal
interference is also observed. Furthermore, the enhancement and suppression between the competing
FWM and SWM and corresponding Autler-Townes splitting have been experimentally obtained. In the
spatial domain, the electromagnetically induced grating resulted from interference between two pump
beams is studied, and the related spatial properties (e.g. “shift” and “splitting”) of MWM are also
involved. Also spatial gap solitons, vortex solitons, charged dipole-mode solitons, and two-dimensional
surface solitons are obtained. Such concepts can be extended to quantum area, and the corresponding
effects mentioned above can be investigated. The review also includes a discussion of future prospects
and application potentials of MWM in cavity QED, the Rydberg states, and all-solid-state quantum
computing.
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I. INTRODUCTION

Enhanced nonlinear processes due to atomic coher-
ence have been experimentally demonstrated in sev-
eral multilevel atomic systems. The keys to such
enhanced nonlinear optical processes include the en-
hanced nonlinear susceptibility due to the induced
atomic coherence and slowed laser beam propagation
in the atomic medium, as well as greatly reduced lin-
ear absorption of the generated optical field due to
electromagnetically induced transparency (EIT)M2,
On the other hand, two-photon and three-photon de-
structive interferences have also been studied in vari-
ous four-level Y-typel®!, N-type®!, and double-type!®-!
atomic systems. The generation of six-wave mixing
(SWM) in a closed-cycle N-type system!” and eight-
wave mixing (EWM) in a folded five-level atomic
system[® has been experimentally demonstrated re-
cently. In the previously studied close-cycled (lad-
dertype, N-type, double-A-type, and folded) systems,
the four-wave mixing (FWM), SWM, and EWM pro-
cesses cannot coexist in a given configuration and
different order nonlinearities can only be observed
individually. In our recent studies, distinctly dif-
ferent from and advantageous over the previously
reported SWM processes!™ | generating highly effi-
cient FWM, SWM, EWM processes simultaneously
in an open-cycle Y-type atomic system was experi-
mentally demonstrated™®'Y. We also demonstrated
that the third-order and fifth-order nonlinear pro-
cesses can coexist in open (such as V-type, Y-type,
and inverted Y-type) atomic systems. The coexist-
ing SWM processes can become comparable with or
even greater than the companion FWM processes in
amplitude by manipulating the atomic coherence and
multi-photon interferences between different energy
levels in the systems['912%13] Such coexistence of
FWM and SWM processes allows us to investigate
spatio-temporal coherent interference between FWM
and SWM processes!!¥, and to obtain the beat sig-
nal between them to get the x(® coefficient. Such
a coherent control technique has been used to con-
trol the transition probability in atoms'®, photo-
electron angular distribution*®!| phase-controlled cur-
rent in semiconductors”, and various chemical re-
actions. Also, a fifth-order time-frequency Raman
spectroscopy technique was used to study the two-
quantum transition or Raman overtone for the rephas-

ing pathway!'8).

As two or more laser beams propagate through an
atomic medium, the cross-phase modulation (XPM),
as well as the modified self-phase modulation (SPM),
can significantly affect the propagations and spa-
tial patterns of the traveling laser beams.  Self-
focusing!'¥!, deflection?”, breaking?!!, and pattern
formation[?223 of laser beams have been extensively
studied with two laser beams propagating in two-
level atomic vapors. It has been shown that the self-
and cross-Kerr nonlinearities can be significantly en-
hanced and modified in three-level atomic systems
due to laser induced atomic coherence or EIT[24~26],
At the same time, enhanced FWMDP!, EIT-induced
waveguide effect!?!, as well as elimination of beam
filamentation?"28] were observed in atomic system.
Such sharp nonlinear dispersions in frequency domain
of EIT systems can be converted into spatial domain
for probe and FWM signalsi?42% which exactly mim-
ics the dispersion curve for the Kerr nonlinear index of
refraction controlled by the strong coupled laser beam.
Also, spatial splits of degenerate and non-degenerate
FWM signals have been theoretically simulated and
experimentally demonstrated®. Such electromag-
netically induced spatial dispersion (EISD) can be
used for spatial switching and routing, and as an easy
way to measure the Kerr-nonlinear indices of refrac-
tion for the multi-level atomic media.

Spatial optical soliton®!] is formed when the spa-
tial diffraction is balanced by either the self-focusing
effect due to the self-Kerr nonlinearity or the cross-
focusing effect due to strong XPM nonlinearity®?. In
recent years, new type spatial solitons, such as discrete
solitons®434 | gap solitons®? have been investigated
(both theoretically and experimentally) in waveg-
uide arrays, fiber Bragg gratings/®®l, Bose-Einstein
condensates®”), and photorefractive crystals/33:34],
Band gaps of the linear spectra are essential for the
formation of the gap solitons, which is originated
from the periodical structure in fiber Bragg gratings,
photonic crystals®8!| and even the standing wave in
an atomic ensemblel®8]. Therefore, large refractive
index modulations are needed either by fixed peri-
odic structures (such as waveguide arrays) or reconfig-
urable optical lattices induced by laser beams. Vor-
tex soliton is generated in a self-defocusing medium
owing to the counterbalanced effects of diffraction
and nonlinear refraction at the phase singularity!3%.
Several interesting effects including cascade genera-
tion of multiple charged optical vortices and helically
shaped spatio-temporal solitons in Raman FWM, and
coupled vortex solitons supported by cascade FWM
in a Raman active medium excited away from the
resonance have been investigated[*?4!l. Spatial soli-
tons can split into two parts with opposite phases,
if a phase delay for half of the soliton beam is in-
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troduced, which is called dipole-mode vector soliton
with a Hermite-Gaussian mode structure*?. In an
optically induced two-dimensional photonic lattice,
dipole-mode solitons can be created with either oppo-
site phases or same phase between the two parts!*3.
Vector solitons with one nodeless fundamental compo-
nent and another dipole-mode component can couple
to each other and be trapped jointly in the photonic
lattices!4244:45] A radially symmetric vortex soliton
can decay into a radially asymmetric dipole-mode soli-
ton with a nonzero angular momentum, which can sur-
vive for a very long propagation distancel*?. Surface
soliton is formed at the edge of two mediums37-45~49],
Different from the case with two uniform media, the
trapping mechanism for optical surface waves formed
at the interface of uniform media and periodical re-
fractive index media is that the propagation eigenval-
ues fall within the photonic band gap (PBG) of the
system[37°% There are many new interesting features
in optical surface waves with different kinds of nonlin-
earities, such as nonlocal surface solitons(®!), polychro-
matic surface solitons!®?, and spatio-temporal surface
light bullets®?. As an example, one-dimensional (1D)
in-phase surface solitons in the AlGaAs array®¥ and
two-dimensional (2D) discrete surface solitons forming
at the corner of a finite optically-induced 2D waveg-
uide lattice and a continuous medium have been ex-
perimentally observed!®>6, To systematically inves-
tigate these interesting phenomena, it is important to
construct a medium with flexible periodic nonlinear-
ity. Until now, enhanced by laser-induced atomic co-
herences, spatial gap solitons®7, vortex solitons24:29],
charged dipole-mode solitons(®®, as well as 2D surface
solitons are experimentally observed in atomic media.

Investigations on the interactions of doubly dressed
states and the corresponding effects of atomic sys-
tems have attracted many researchers in recent years.
The interaction of double-dark states (nested cas-
cade scheme of doubly dressing) and splitting of a
dark state (the secondarily dressed states) were stud-
ied theoretically in a four level EIT atomic system
by Lukin et al.[®. Later, the triple-peak absorp-
tion spectrum, which was observed in the N-type
cold atomic system by Zhu et al., verified the exis-
tence of the secondarily dressed states in the nested-
cascade schemel®. A similar result was obtained
in the inverted-Y system!6:62. The doubly dressed
FWM (DDFWM) in the nested-cascade with close-
cycled atomic system!63] parallel and nested-cascade
schemes in an open five-level atomic system was
reported!®.  After that, the similarities and dif-
ferences among these different dressing schemes are
studied in detaill®l. Enhancement and suppression
between the competing FWMI%6! and SWMI67! pro-
cesses, as well as the Autler-Townes (AT)[68:69 gplit-

ting have been experimentally observed. In addi-
tion, due to the interactions of doubly dressed states,
probe transmission, FWM and fluorescence signals
are allowed to transmit through the atomic medium,
and ultra-narrow two-photon fluorescence signal is ob-
tained in a ladder or Y-type atomic system!7.

In the investigation of non-classical optics, for
many decades, spontaneous parametric down conver-
sion (SPDC) in nonlinear crystals has been used as
the standard method to generate nonclassical cor-
related photons. Recently, much research interest
has been drawn to the production of photons with
MWM process. By simultaneously creating a de-
structive interference in absorption and a construc-
tive interference in the nonlinear susceptibility, Har-
ris demonstrated the first FWM experiment in cold
atoms!”!!, where the generated weak Stokes and anti-
Stokes fields counterpropagate through an optically
thick atomic medium with backward-wave geometry.
Following, Lukin(™? and Kimblel™! realized, control-
lable counter-propagating waveforms(’¥ and narrow-
bandwidth!™! paired photons with FWM process,
and then two-photon interference of paired photons
with time-frequency and polarization entanglement is
achieved["®!. FWM process in a hot vapor cell can be
used as the basis for constructing a variety of inter-
esting quantum processing devices: a source of spa-
tially broadband twin beams!”™, a low noise ampli-
fier for quantum states!™ a device to produce en-
tangled images!™, and a delay line for a portion of
an entangled quantum statel®”, noiselessly amplify
complicated 2D images/®! as well as stimulated su-
perluminal pulses with negative group velocities!82].
Moreover, studies on strong coupling between atoms
and cavity field have been very active due to the
importance in fundamental and potential applica-
tions in quantum computation and quantum infor-
mation processing. Normal-mode splitting in ensem-
bles of cold atoms®*4 and hot atomic vapor cell
have been observed®>86l Furthermore, the triply-
resonant atom-cavity system has been experimentally
demonstrated®”l. On one hand, quantum correlated
bright light beams have been also produced with
SPDC inside an optical cavity above its threshold!8®!,
however, they suffer from the low production rate and
short correlation time for their broad bandwidths[®9.
Todate, generating correlated photon pairs by large
photon pair-generation rate with the help of an optical
cavity!®?! entanglement amplifier based on two-mode
correlated emission lasers!®!l, and bright correlated
beams by manipulating the large dispersion of the
intra-cavity medium!®? have been also experimentally
studied. On the other hand, the nonlinear processes
involved the high-excited Rydberg states have at-
tracted a lot of attention. Specifically, dramatic sup-
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pression of ultracold atoms to Rydberg states by laser
excitation has been experimentally demonstrated®3,
where Rydberg atoms strongly inhibit excitation of
their neighbors. Thus, with strong Rydberg-level in-
teractions, single-quantum excitation of a cold atomic
gas is fast prepared, where no more than a single ex-
citation was retrieved[®4,

Throughout this review, we present the coherent
control of MWM that arises as a result of EIT and
describe some recent progresses in outline. In the fre-
quency domain, the coexistence of MWM and spatio-
temporal interference will be discussed. Then, the en-
hancement and suppression of coexisting MWM sig-
nals as well as the corresponding AT splitting are pre-
sented. In the spatial domain, EISD which can be
used for describing spatial “shift” and “splitting” of
MWM-, as well as some types of spatial solitons is
discussed. Future prospects and new application po-
tentials of MWM in cavity quantum electrodynamics
(QED) and Rydberg blockade are introduced at last.

The review is constructed as follows: in Sec. II,
we introduce the fundamental theories of nonlinear
susceptibility, undressed MWM and the fundamen-
tal concept of enhancing MWM by dressing effect; in
Sec. III, we discuss the generating highly-efficient co-
existing FWM, SWM and EWM nonlinear processes,
temporal and spatial interferences between FWM and
SWM processes in detail; in Sec. IV, we treat the spa-
tial coherent control of MWM and review the spa-
tial modulation of FWM signal by the EISD in an
atomic medium, including the “shift” and “splitting”
of MWM, spatial gap solitons, vortex solitons, charged
dipole-mode solitons, as well as 2D surface solitons.
Furthermore, the utility of the interactions between
doubly-dressed states and the corresponding effects is
discussed; in Sec. V we turn to the treatment of the
fluorescence accompanying with MWM, the MWM in
cavity, Rydberg MWM), in which the middle case need
the consideration of MWM in few-photon level, where
it is necessary to apply a fully quantum treatment of
the fields. Finally in Sec. VI, we draw conclusions and
discuss future prospects in quantum optics and non-
linear optics as a result of coherent control of MWM.

II. ENHANCED HIGH-ORDER NONLINEAR
SUSCEPTIBILITY

A. Nonlinear Susceptibility

In order to describe an optical nonlinearity more
precisely, we consider how the dipole moment per
unit volume, or polarization P a medium depends
upon the strength of the applied optical field E.

The induced polarization depends nonlinearly upon
the electric field strength described by the relation-
ship P = P + Pnr. Here, P, = PO, Py =

PRLPBI 4. . =g(X? : EE+X®) : EEE+---).

In nonlinear optics, the optical susceptibility can be
generally expressed as, x = Z(;io xZHD|E|% . The
constant of proportionality x(!) is known as the linear
susceptibility. The quantities x(? and x(®) are known
as the second- and third-order nonlinear optical sus-
ceptibilities, respectively.

E, E, |2> F
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4 &g
(a) (b)
FIG. 1. (a) Schematic diagram for the phase-conjugate

FWM process. (b) Energy-level diagram for FWM in a
close-cycled three-level cascade system

As an important nonlinear phenomenon, in the
weak interaction limit, FWM is a pure third-order
nonlinear optical process and is governed by the third-
order nonlinear susceptibility. Let us consider a spe-
cial case of FWM processes, which involves three laser
fields By (ki,w:), Eo (ko,ws) and E, (ky,ws). Here,
w; and k; represent the corresponding frequency and
wave vector, respectively. And there is a small an-
gle 6 between the input pump laser beams ks and
k:'2 The probe laser beam (k;) propagates along a
direction that is almost opposite to that of the beam
ko (see Fig. 1). The corresponding nonlinear atomic
polarization Ps along the i (i = x,y) direction, from
first-order perturbation theory, is given by

P (wi) = e0 > X B (1) Eg(wa) Ba(ws) (1)
jkl

where the third-order susceptibility contains the
microscopic information about the atomic sys-
tem. The susceptibility of the nonlinear tensor
Xz(.?,il(wp;wl, —wa,ws) is also related to the polariza-
tion components of the incident and generated fields.
For an isotropic medium, as in the atomic vapor, only
four elements are not zero and they are related to each
other.

For the generated SWM signal, the fifth-order non-
linear polarization along the ¢ (i = x,y) direction is
then given by
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P @) =20 D X\ himn 15 (w1) By (w3) ot (w3) By (w3) B (w3) 2)

jklmn

where ngl)dmn is the fifth-order nonlinear suscepti-

bility. For an isotropic medium, there are sixteen
nonzero components and only fifteen of them are in-
dependent.

B. FWM Grating

(1-.{3.‘: oty : Zy

'.'*-.

2 -t
-

FIG. 2. Schematic diagram of phase-conjugate FWM

As we know in section A, FWM is governed by
third-order nonlinear susceptibility in the weak inter-
action limit. Unlike second-order process, the third-
order process can exist in all media. We now con-
sider a special case of FWM processes with beams
E (w1,k1), Ex(ws, ko) and Ej3(ws, k3). There exists
a small angle 6 between beams ky and k;. The probe
beam (ks3) propagates along a direction that is almost
opposite to that of beam k; (Fig. 2). Third-order
nonlinear susceptibility can be triply resonant if w; is
near their respective resonance. Such third-order pro-
cess is even observable with CW laser beams for the
strong resonant enhancement. The output of FWM
can be easily understood if two of the three input
waves interfere and form either a static grating or a
moving grating, which scatters the third input wave
to yield the output wave. As illustrated in Fig. 2, the
grating formed by k; and ks scatters ks yields out-
puts ks + (k1 — ko). Altogether, three output waves
with different wave vectors, ks = —k1 + ko + ks,
kso = k1 — ko + k3, and kg3 = k1 + ko — k3, can be
expected. However, only kso = k1 — ko + k3 always
satisfies the phase-matching condition (Aksz = 0).
More specifically, if k; and ks have the same fre-
quency (i.e. w; = we) with a small angle 6 between
them, the coherence length of FWM signal at ko is
given by IJ = 2¢/[n(w; /w3 )|wi —ws3]0?], which is much

(

larger than that of the other two. Here, the nonlin-
ear interaction between k; and ks, with an absorb-
ing medium gives rise to the molecular-reorientation
and the thermal non-resonant static gratings (i.e. Qu
and Qr), respectively. If the frequency difference
A, = w3 —w; = 0, two resonant moving gratings
Qrv and Qrr with large angle are formed by the in-
terference between ko and k3. Beam ki is diffracted
by them to enhance the FWM signal. Thus, we get
the Rayleigh-enhanced FWM with wave vector kg2
along the direction of k4. While, if the frequency dif-
ference Ay = w3 — w1 — Qr ~ 0 (Qr is the Raman
resonant frequency), one large resonant moving grat-
ing, Qr formed by the interference between ko and ks
will excite the Raman-active vibrational mode of the
medium and enhance the FWM signal (i.e., Raman-
enhanced FWM).

C. Generalized Resonant MWM

|y — =
[n—1% - ¥ E:
|n-23 r E
E,E,--E E, o =
2 —p - ]
' g 1 rE:
E, "f‘ i |1> r
3 P 1o
- ‘n>__'_
4 &
(a) (b)

FIG. 3. (a) Schematic diagram of phase-conjugate doubly-
dressed (2n) WM. (b) Energy-level diagram for (2n) WM
in a closed-cycle (n + 1)-level cascade system

5D,,, 12 + F Y 5D;,14>
B, Es || Es
5P, 1>" & 5P,13>

El
58,,10>

—lv

FIG. 4. Energy-level diagram of a closed-cycle five-level
atomic system
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The atomic coherence effects can be used to enhance
both the FWM process and even higher order nonlin-
ear process as well. In this section, we will introduce
the EIT assisted higher order nonlinear process. The
mathematical structure of the (2n) WM can be ob-

J

L0 . . A(r
ma[p(o)(ﬂ —|—p(1)(t) + P+ 50 ] =

p{") can be obtained by solving the
|

The series p(® - ..

tained with density matrix dynamic equations. First

of all, we obtain dp(t)/dt = [Ho+ H,(t), p(t)]/ih—Tp,

where Hi = —FEj and j(t) can be expanded as

p(t) = pO(t) + pM (1) + pP () + -+ pI (1) + -
Therefore we get

[Ho + Hy, p0(8) + () + 5 + -+ 5 () + -1 (3)
_ih[ﬁ(o) (t) 4t /3(7") (t) 4. ]

(

following equations step by step.

0 1
g;o = %[Plo(lﬁ — Ey) — E(—m1p11 + H1poo + H2p20)] — T1opio (4-1)
O _ 1\ (B E)-E r o
o %[on( 2 = Eo) = E(=p21 + t2p1o + Hapao)] — I'20p20 (4-2)
Opn—1,0 1
T = ih [pn—LO(En—l - EO) - E(_]’Llpn—l,l + Hn—1Pn—2,0 + H-npn,o)] — Fn—l,Opn—l,O (4—11—1)
Opn 1
at70 = %[ﬂn,O(En - EO) - E(_ulpn,l + ]»ann—l,o)] - Fn,Opn,O (4_1,1)

Next, we consider a five-level atomic system in

(

Fig. 4 as a practical example for the above derivation.
So, we can obtain the following equations

agio - %[,010(& — Eo) = E(k1poo + p2p20 — mip1)] = Tropio (5-1)
6;?0 - %['DQO(EQ — Eo) = E(papro + p3pz0 — mip21)] = T'aop20 (5-2)
% - %[pgo(E?’ — Eo) = E(usp20 + Hapao — m1pa1)] — Tsopso (5-3)

% = %[P40(E4 — Ey) — E(wapso — w1pa1)] — Caopao (5-4)

In the bare-state picture, the atomic polarization
and population equations of motion (atomic response)
are considered up to different orders of Liouville path-

(

ways. Thus, we can employ perturbation theory to
calculate the density-matrix elements. In this five-
level system as shown in Fig. 4, the perturbation
chains are written as following,
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L:phy < ol 2 ol = pi)
I plo) 5 plp) 22, ple) =22, pla) o, Q) —2, o)
T p0) &, ) 2, ) —wn ) wa () —wi (@) w6 o (0)

Here, to proceed further, and to simplify the math-
ematics, we will neglect the ground-state depletion
(p(()%) ~ 1) and not consider the propagation char-
acteristics of the pulsed pump, probe and FWM
fields. Also, we only retain the resonant dipole in-

teraction terms in the derivation of the complex sus-

(

ceptibility, known as the rotating-wave approxima-
tion (RWA). Because of the selectivity imposed by the
RWA, each pulse interaction contributes in a unique
way to the phase matching direction of the nonlin-
ear signal. Chains (I)-(III) correspond to the FWM,
SWM and EWM processes, respectively. Finally, we
obtain

o3 —iG1Ga(Gy) er

07 (Pyg +iA1)2[Tao 4+ i(A1 + A)]

) iG1Ga(Gy)*Gs(Gs) elks ™
Pio =

(T 4+ iA1)2[Tao0 + (A1 4+ A9)]2[T'30 + i(A1 + Ag — A3))]
" _ —iG1G2(G,)* G3(G3)* Ga(Gy) e

z'k:E~r

~ (Ty0 +iA1)2[Ta0 +

where, kp—kl—l-kz k2,ks—k1+k2—k2+k3 k;,,
kE—k1+k2—k2—|—k3—k3+k4—k4

LN G s

vl P

3 E ------ g
NG i

DI T B R 2
Py . o4

@ E, AT~~~ I s
AL B <1 e

O e I i N O e BSS 2
Px : 2y Py

------ 2 I I
Ez/ Py : Ez/ o E/ T

----- 1 F==-=--1 5 e
Ex/ oy El/ P’ El/' Pao

0 o) {of o} {|
(a) (b) (c)

FIG. 5. Double-sided Feynman diagrams. (a), (b) and (c)
represent FWM, SWM and EWM processes, respectively

The response functions (pi%), p(150), p%)) of the per-
turbation chains (I)-(III) are given by using double-
sided Feynman diagrams (DSFD) as shown in Fig. 5.
The time evolutions of the density-matrix elements of

(A1 + A9)2 T30 + i(A1 + Ao — A3)]2[Ta0 + (A1 + Ag — Ag + Ay)] (®)

(

the optically driven atoms or molecules can be rep-
resented schematically by either the Liouville space
coupling representation [chains (I)-(III)], or the DSFD
(Fig. 5). Each diagram represents a distinct Liouville
space pathway. We show the diagrammatic represen-
tations corresponding to the three, five, and seven or-
ders of the resonant dipole interactions applied to the
atomic system with five electronic states. In the Li-
ouville space coupling representation. the state of the
system is designated by a position in Liouville space,
with indices corresponding to the ket-bra “axis”. Up
and down transitions on the ket are excited by pos-
itive and negative frequency fields, whereas negative
and positive frequency fields induce up and down tran-
sitions on the bra. The DSFD can be described as fol-
lows: the vertical left and right lines of the diagram
represent the time evolution (bottom to top) of the
ket and bra, respectively; the applied electric fields
are indicated with arrows oriented toward the left if
propagating with a negative wave vector and toward
the right for a positive wave vector. Each interaction
with the electric field produces a transition between
the two electronic states of either the bra or the ket.
The ability to track the evolution of the bra and ket si-
multaneously makes the density matrix representation
a most appropriate tool for the description of many
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dynamical phenomena in nonlinear optical processes.

D. Singly-Dressed FWM

MWM process can be effectively controlled by the
external laser fields, in which the external fields can
give considerable perturbation to the atomic levels,
namely, the dressing effect, which will be introduced
in the following in detail.

As shown in Fig. 6 (a), in the presence of a strong
dressing field G2 (Rabi frequency of Es, and Go =
wEs/h), the dressed states |4+) or |—) can be gener-
ated with the separation Ay = 2|G2|. When scan-
ning the frequency detuning of the dressing field A,,
we can obtain EIT for the probe field and a sup-
pressed FWM signal (Fig. 6 (b)), or electromagneti-
cally induced absorption (EIA) for the probe field and
an enhanced FWM (Fig. 6 (c)). For the probe field
propagating through the medium we define the base-
line versus Ay to be the probe field intensity with-
out dressing effect. Thus, this baseline is just the
Doppler-broadened absorption signal of the material.
With G5 beam on, we can obtain one EIT peak at
Aj + Ay = 0 where the transmitted intensity is the
largest comparing to the baseline. Since there is no en-
ergy level in the original position of |1) and the probe
field is no longer absorbed by the material, the degree
of transmission (or suppression of absorption) of the
probe field is the highest. An EIA dip is obtained at
A1+ As = |Go)|? /A1, where the transmitted intensity
is the smallest compared to the baseline. The reason
is that the dressed state |+) or |—) is resonant with
the probe field which is absorbed by the material and
the degree of transmission (or enhancement of absorp-
tion) of the probe field is the lowest. Moreover, since
the transparent degree (or suppression of absorption)
of the probe field G is the largest at A; = 0, the EIT
peaks for Gy are the highest. While at certain de-
tuning |A], the induced transparent degree decreases
and the EIT peak reduces. When |A;| becomes much
larger, the degree of transparency decreases and the
suppression of absorption changes to enhance absorp-
tion.

Such dressing effect can influence the MWM in this
way: when the probe field is resonating with the
dressed state |[4+) or |—), i.e., in the case of EIA, the
MWM will be enhanced; when the probe and dress-
ing fileds satisfy the two-photon resonance, the MWM
will be suppressed. Such influence leads to the AT
splitting, suppression and enhancement of MWM.

12>
E2
_____ |+=> . |+>
ij _____ [1>  —ommogeme I EEm— N
E,, E,s Epr
o> 0> 1=
(2) (b) (¢)

FIG. 6. (a) Diagram of three-level ladder-type system with
a dressing field E> (and detuning As). The dressed-state
pictures of the (b) suppression (or EIT) and (c) enhance-
ment (or EIA) of FWM Ef (or probe field E,, with detun-
ing A1) for the two-level system, respectively
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FIG. 7. (a) Parallel-cascade, (b) sequential-cascade, and
(c) nested-cascade mode doubly-dressed FWMs

E. Doubly-Dressed FWM

Next, we introduce doubly-dressed effect on the
generation process of FWM or probe transmission sig-
nal. It is generally divided into parallel-, nested-,
and sequential-cascade modes. First in the parallel-
type doubly-dressed case, as shown in Fig. 7 (a), the
fields FE5 and Ej4 dress different levels |1) and |0),

via the subchains pqg s, P30 =2, pw(p(cgi)o) and

P20 —25 pas - pao (P2(Ga+)), respectively. This
means that the dressing effects of E3 and E, lay par-
allels. In parallel-cascade case, the profiles (dashed
curves in Fig. 8(a)) are induced by one dressing field,
and the transition between bright and dark states (in
Fig. 8(a)) is caused by the other dressing field. So, the
two dressing fields in parallel-dressed cascade mode
have no interaction. And there is only one symmetric
center at A; = 0.

In Fig. 7 (b), the FWM signal is in sequential-
cascade doubly-dressed mode (dressed by E5 and Ej),
in which the fields Fy and FE3 dress the same level
|1) via the subchain pig 2 pog —2» p1g —2
030 s, p10- This means that the dressing effects of Ey
(pro <2 pao —= p1o) and B3 (pro —> pso —> p1o)
join together sequentially, therefore, we call this type
of dressing mode as sequential-cascade mode. The
profiles of the FWM (i.e., AT-splitting) and probe
transmission (i.e., EIT) (the dashed curves in Fig. 8
(b)) show a double-peak and double-dip structure ver-



Lou Lan et al.: Coherent Control of Multi-Wave Mixing in Atomic Media 95

& T ﬁ/"TT“ LT T

2 b ‘. T

2 \

= N @) AL e U @)

_ (2) (b2) )

(2] 1

s J:]‘: ’ W a8 /

o 7 Ay e T T+

3020 A0 0 10 20 3020 10 [ 10 20 2 Rl [ 7 H

A, (MH2) A, (MHz) A, (MHz)

FIG. 8. (al), (b1) and (c1) Parallel, sequential and nested-
cascade doubly-dressed probe transmission signals, respec-
tively. (a2), (b2) and (c2) the corresponding FWM signals.
The dashed curves in (a), (b) and (c) are the probe trans-
mission ((al)-(c1)) and the corresponding pure FWM sig-
nals ((a2)-(c2)) without E3 or Ej5, respectively

sus A; with E5 blocked. The transition between
bright and dark states (in Fig. 8 (b)) is caused by
E,. Both of the two signals in Fig. 8 (b) show three
symmetric centers which reflect the interaction be-
tween two dressing fields. In the comparison between
sequential and parallel-cascade modes, the transition
between the bright and dark states reveals interaction
between the two dressing fields in the former mode,
while no interaction is revealed in the latter mode.
In Fig. 7 (c), the FWM signal is in nested doubly-
dressed mode (inner-dressing field Es and outer-
dressing field E5), in which E5 dresses the same level
[1) after E5 having dressed it. This means the dress-

ing effect of Es (poo —= pso — pag) is nested

in that of E2 (plO w—2> P20 and P20 _—w2> plO)- By
scanning the detuning of inner-dressing field E5, the
dashed curves in Fig. 8 (c) show one AT splitting
structure in the pure FWM signal and one EIT win-
dow in probe transmission signal. In such case, there
is only one symmetric center when inner dressing field
is scanned, but three symmetric centers when outer-
dressing field is scanned, which reflects the strong
interaction between two dressing fields. Compare
the nested-cascade modes with the sequential-cascade
dressing modes, the interaction between two dressing
fields in the former case is stronger, which is reflected
as dual-bright-state and dual-dark-state in the evolu-
tion of FWM signal and probe transmission.

III. COHERENT CONTROL OF MWM VIA
EIT

A. Enhanced MWM Process

There are three basic configurations for three-level
atomic systems, i.e. ladder-type, V-type, and A-type
systems, as shown in Fig. 9. A strong coupling (pump)
laser beam (with frequency ws and Rabi frequency
G2) drives the atomic transition between state |2)

13>

g

szA,lb
13> E, E,
13> \

2> 11>
(a) (c)
FIG. 9. Sketches of (a) the three-level ladder-type atomic
system; (b) the three-level A-type atomic system; and (c)
the three-level V-type atomic system. A; and G1 (A2 and
G») are the frequency detuning and the Rabi frequency of
the probe (the coupling) field, respectively.

and state |3), and a weak probe laser (frequency wq
and Rabi frequency G;) drives the transition between
state |1) and |2). The strong coupling beam dramati-
cally modifies the probe transmission properties. For
a given coupling beam strength, a transparency win-
dow is created for the probe beam near the two-photon
resonance condition A; + Ag = 0 (with a dip in X”),
where A; and As are the frequency detunings of the
probe and coupling beams, respectively. A sharp nor-
mal dispersion slope is created at the center of the EIT
window, which can be used to slow down the group ve-
locity of the probe light pulses. Both of the absorption
reduction and dispersion enhancement are important
in increasing the efficiencies of nonlinear optical pro-
cesses. The slowing down of the optical pulses inside
the medium increases the effective interaction length,
and the opened EIT window will allow the generated
signal beam to propagate through the medium with
greatly reduced absorption.

For atoms inside a vapor cell, the Doppler effect
can dramatic affect the atomic coherence and EIT-
related effects. Actually, Doppler-broadening at room
temperature can wipe out most of the coherence ef-
fects unless the coupling laser power is extremely large
(which needs to use pulsed lasers). However, by
using two-photon Doppler-free configurations, first-
order Doppler effect can be eliminated; such EIT
and related effects can be observed with cw diode
lasers near atomic resonance. To achieve the two-
photon Doppler-free configuration, the coupling and
the probe lasers have to counter-propagate through
the atomic vapors for the three-level ladder-type sys-
tem and copropagate through the atomic vapors for
A and V-type systems.

B. Coexistence and Interaction between
High-Order Nonlinear Processes

1. Opening FWM and SWM channels via Dual EIT
windows

To understand the approach of simultaneously gen-
erating different nonlinear wave mixing processes, we
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will take the generate of highly efficient coexistence
FWM and SWM as an example. This section is based
on Ref. [10], which will offer more details for the read-
ers. Several features in this work are distinctly differ-
ent from and have advantageous over the previously
reported SWM processes. First, FWM and SWM pro-
cesses can be observed simultaneously in this open-
cycled Y-type system, which is not the case in the
close-cycled N-type system. Such coexistence of FWM
and SWM processes allows us to investigate the in-
terplay between the two interesting nonlinear optical
effects, and to obtain the beat signal between them to
get the x(®) coefficient. Second, the generated FWM
and SWM signals fall into two separate EIT windows
in this four-level dual-EIT system, so the linear ab-
sorptions for the generated FWM and SWM signals
are both greatly suppressed. By individually control-
ling (or tuning) the EIT windows, the generated FWM
and SWM signals can be clearly separated and dis-
tinguished or pull together (by frequency detuning)
to observe interferences between them. Third, since
the amplitude of the FWM signal can be controlled
(enhanced or suppressed) by the coupling beam (via
dressed states), the relative strengths of the FWM and
SWM can be adjusted easily. So, the SWM signal can
be made to be in the same order as the FWM signal.
Fourth, multi-photon destructive interference effects
for both FWM (three-photon interference) and SWM
(five-photon interference) are clearly observed in the
experiment. Although double- and triple-resonance
EIT spectroscopies have been reported previously by
detecting fluorescence, the current method is a coher-
ent phenomenon. Finally, by designing the propaga-
tion directions of the (pump, coupling and probe) laser
beams, we can achieve Doppler-free configurations for
all the EIT subsystems in this Y-type atomic system.
This makes the FWM and SWM processes very effi-
cient even with relatively weak cw laser beams in an
atomic vapor cell.

The pump and coupling laser beams are aligned spa-
tially in the pattern as shown in Fig. 10 (a), with four
pump and coupling beams (Es, Eé, E;, Eé) prop-
agating through the atomic medium in the same di-
rection with small angles (~ 0.3°) between them in
a square-box pattern (the angles are exaggerated in
the figure). During our experiment, one of the pump
beams (E,) is always blocked so we will only con-
sider the system shown in Fig. 10 (c¢). The probe
beam (E;) propagates in the opposite direction with
an angle as shown in Fig. 10 (a). Since the angles be-
tween the propagation directions are very small, this
configuration satisfies the two-photon Doppler-free
conditions for the two ladder-type EIT subsystems.
For simplicity, we will only consider the diffracted
FWM and SWM signals relevant to our experimen-

(e) @ O] O]

FIG. 10. (a) Spatial beam geometry used in the experi-
ment. (b) Simple Y-type atomic system with dual ladder-
type EIT; (c) and (d) FWM processes with two pump
beams in one upper transition dressed by a strong cou-
pling beam in another upper transition; (e) and (f) SWM
processes with two pump beams in one upper transition
and two photons from the coupling beam from another
upper transition. Er and FEs (dash-dotted lines) are the
generated FWM and SWM signals, respectively. The bold
double heading arrows imply the strong coupling beam

tal measurements. By setting the propagation direc-
tion of the probe beam E; as indicated in Fig. 10
(a) and blocking E,, the diffracted FWM (Ef) and
SWM (Ey) signal beams will be in the same direc-
tion determined by the phase-matching conditions:
ki = ki + ks — ky and kg = ki + ky — ko + ks — ks,
respectively. The total FWM process can be con-
sidered as a result of the constructive or destructive
mterference between the two dressed FWM channels
(o < plo <2 pfe) =22 p)), where |+) and |-)
are the two dressed states for level |1) due to E5 cou-
pling. We can write down the two SWM processes
(indicated in Figs. 10 (e) and (f )) as: (II) pé%) L,
(1) w2 (2) —w2  (3) w3 (4 (5)

Pio — P20 — 7 Pio — P30 — 7 Pio and (III)
(0) (1) ws (2) —ws (3) (4) (5)
Poo = Pio — P30 — Pio = — P,

respectively. Of course, if Eé is blocked 1nstead of E2
(Fig. 10 (d)), same results can be obtained just with
the indices 2 and 3 switched.

In general, for arbitrary field strengths of FEo, Es,
and Eé, one needs to solve eleven coupled density-
matrlx equatlons to obtain P10) for the FWM process

and p10 for the SWM process. In order to see the rela-
tion and interplay between the FWM and SWM pro-
cesses, we calculate these nonlinear susceptibilities via
appropriate perturbation chains for simplicity. When
both E5 and Eé are blocked, the simple FWM via
chain (I) gives p%) = —iG e /(d?d3), where G, =
G1G3(G:3)*7 di =T +iAq, ds = T's0 + (A1 + A3)
with A; = Q; —w; and I';; is transverse relaxation rate
between states |i) and |j). Next, when the coupling
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field E5 is turned on, the above simple FWM process
will be dressed and a perturbative approach for such
interaction can be described by the following coupled
equations:

0p\t) Jot = —dyp\Y) + iGre™ Tl 4 iGre R g
9)
and Opag/0t = —dapao + iGQeiM'Tﬂ%)

003) Jot = —dyp(3) + iGe™> T pyg + iGire R T pag
(10)

and 6p20/8t = —daopao + iGgeikQITpg?()J)

where dy = T'og + (A1 + Ay). Equations (9) and (10)
(pé%) ~ 1) can be solved together with chain (I) to
give pyg = —2iGae™ "dy /[d1ds(dydy + |Ga?)].

Expression pllo shows an interesting interplay be-
tween the FWM and SWM processes. With coupling
field E5 on, the energy level |1) is dressed to split
into two levels |+) and |—) with induced coherence
between them. The FWM signals will have quantum
interference via the two intermediate levels |4+) and
|—), which can either enhance or suppress the total
observed FWM signal. When the coupling field E»
is very strong (Ey >> E3(E;) >> E)), there ex-
ists a maximum suppression of the FWM at the ex-
act multiple-EIT of condition A; = —Ay; = —Ag.
Also, one can easily calculate the susceptibility pgg)
for SWM from pathways (II) and (III) (as shown in
Figs. 10 (e) and (f)) directly to be pﬁ’)) = pﬁ}%pﬁi” =
2iG |G |?e*= " /(d3dads). Since pﬁ’)) and pg%) have op-
posite signs, multi-dimensional solitons and light con-
densates can be considered in this system with com-
petitive and giant Y and x(®.

The two EIT windows are generated by the double-
ladder EIT subsystems in the Y-type four-level sys-
tem with both pump fields (between |1) and |3)) and
coupling field (between |1) and |2)) stronger than the
probe beam (between |0) and |1)), as shown in Fig. 10
(c). Since the generated SWM signal falls into one
ladder-type EIT window (]0) — |1) — |2) branch), the
SWM processes can be very efficient, especially when
the FWM signal is suppressed. For finite frequency
detunings As and Ag, the two EIT windows in the
Y-type system will be separated, and the generated
FWM and SWM signals in these two EIT windows
are easily distinguishable. Specifically, it is easy to
see that there exist dual ladder-type EIT windows for
E,, E¢, as well as the SWM signal (Es). There are
one three-photon interference pathway (i.e., interfer-
ence between w; + w3 — ws and wy) for the FWM pro-
cess and two five-photon interference pathways (i.e.,

between five-photon wy +ws —ws+w3 —ws3 and wy, and
between five-photon wy +ws — w3 +ws —ws and wy ) for
the SWM processes. In this system, the three-photon
and five-photon interferences are destructive that y ()
and x(®) are zeros at the line centers. Coexisting SWM
and FWM signal efficiencies and amount of suppres-
sion of the FWM signal are most prominent under
the multiple EIT condition of Ay = —Ay = —Ag
and Ey >> E3(E;) >> E; in Fig. 10 (c) (and
Es >> Ey(E,) >> E; in Fig. 10 (d)).

The experimental demonstrations of co-existing
FWM and SWM processes, as well as controllable
FWM and SWM processes, were carried out in atomic
vapor of 8"Rb. The energy levels of 5819 (F = 2),
5p3/2, 5d3/2, and 5ds /o form the four-level Y-type sys-
tem as shown in Fig. 10 (b). The laser beams were
carefully aligned as indicated in Fig. 10 (a) (with-
out E;) The vapor cell temperature is set to be
60°C. The probe laser beam E; (with a wavelength of
780 nm, from an external cavity diode laser (ECDL),
connecting Er 5812 — 5p3/2, and vertical polariza-
tion) is horizontally polarized and has a power of
about P; ~3.5 mW. The pump laser beams FE3 and
E; (wavelength 775.98 nm, connecting transition E
5p3/2 — 5ds /2, and vertical polarization) are split from
a CW Ti: Sapphire laser with equal power (Ps =~ Pé)
The coupling laser beam Fo (with power P, wave-
length 776.16 nm, and connecting 5p3/o — 5dg/2) is
from another ECDL and is vertically polarized. Great
cares were taken in aligning the laser beams with spa-
tial overlaps and wave vector phase-matching condi-
tions with small angles (~ 0.3°) between them, as
indicated in Fig. 10 (a). The diameters at the vapor
cell center for the pump and coupling beams are about
0.5 mm, and the diameter of the probe beam (E;) is
about 0.3 mm. The diffracted FWM and SWM signals
(kt and kq satisfying phase matching conditions) with
horizontal polarization are in the direction of E¢ & Eg
(at the lower right corner of Fig. 10 (a)) and are de-
tected by an avalanche photodiode detector (APD).
The transmitted probe beam is simultaneously de-
tected by a silicon photodiode.

The dual-EIT windows of the Y-type system are
measured by setting As = —112 MHz and Az = 0,
with three laser beams (Es, Es and Ej) on. These two
modified EIT windows from the two ladder-type EIT
subsystems (at standard A; = —Ag and A; = —Ag
EIT positions in probe transmission trace detected at
the silicon photodiode) are depicted in Fig. 11 (peaks
4 and 5 of curve (b)). Meanwhile, as A; is scanned,
several generated wave-mixing signals are observed
(curve (a) of Fig. 11). We identify peak 2 as a com-
bination of the FWM signal and a small amount of
SWM signal. Peak 3 is the SWM signal and peak
1 is another FWM signal outside the EIT windows.
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FIG. 11. (a) Measured SWM (peak 3) and FWM (peaks
1 and 2) signals. (b) Probe beam transmission (peaks 4
and 5: two ladder-type EIT windows) versus A;. The
experimental parameters are P; =3.6 mW, PQ/ =0, P> =33
mW, P; = Py =130 mW, Ay = —112 MHz, and As = 019
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FIG. 12. (a) Measured SWM signal spectra for different
coupling field E> frequencies; (b) Theoretical plot of SWM
intensity versus A, for different As values. Py =3.4 mW,
P, =0, P, =34 mW, P3 = P; =96 mW, T';o/2m =3 MHz,
20 = I'sp = 27t X 0.5 MHz, and As = —450 MHz'"]

Since the FWM and SWM signals are diffracted in
the same spatial direction, we identify them by se-
lectively blocking different laser beams and detuning
different laser frequencies. We intentionally set large
frequency detuning to separate the generated FWM
and SWM signals in Fig. 11 for clarity. When the dif-
ference between Ay and Ag is reduced, the two EIT
windows start to merge and the FWM and SWM sig-
nals begin to interfere. The dip in the middle of the
FWM signal (peak 2 of curve (a) in Fig. 11) is due to
three-photon destructive interference, which is clearly
observed in this coherent signal detection.

Figure 12 presents the changes of the SWM signal
(corresponding to the peak 3 in Fig. 11) as a function
of the coupling field frequency detuning. It is seen
from Fig. 12 (a) that, as Ay changes, the generated
SWM signal changes from symmetric to asymmetric,
which is due to two-photon or three-photon resonant
emission enhancement. Such asymmetric SWM spec-
tra have been simulated by numerically solving the
eleven coupled density-matrix equations for the sys-

tem at the steady state and are displayed in Fig. 12
(b). The dips at the line center of the SWM spectra
are due to five-photon (one probe photon plus four
pump and coupling photons) destructive interference
with the generated signal photon, which looks like a
multi-photon EIT phenomenon, but is actually a sup-
pression of generating SWM due to multi-photon de-
structive interference at the exact resonance.

The maximal FWM and SWM efficiencies in this
system are quite high (measured to be about 10% and
1%, respectively). The coexistence of these two non-
linear wave-mixing processes in this system can be
used to evaluate the high-order nonlinear susceptibil-
ity x(® by beating the FWM and SWM signals. Since
| pg)| >> | pg‘?))| is generally true, the real and imagi-
nary parts of x(®) can be measured by homodyne de-
tection with the FWM signal as the strong local oscil-
lator. We have also measured the FWM and SWM sig-
nals when all the four strong laser beams (FEq, E;, Es,
E;) are present. This four-level atomic system with
co-existing FWM and SWM is consisted of three con-
ventional two-photon Doppler-free EIT subsystems,
ie., |0)—|1)—|2) (ladder-type), |0) —|1) —|3) (ladder-
type) and |2) — [1) — |3) (V-type). In general, we can
investigate interesting interplays between two funda-
mental nonlinear wave-mixing processes, and identify
ways to enhance the higher-order nonlinear optical
processes through opening new nonlinear channels via
atomic coherence and quantum interference.

2. Temporal and Spatial Interference between FWM and
SWM

In the section III. B. 1, the dual-EIT windows are
used to transmit the generated FWM and SWM sig-
nals, therefore highly efficient FWM and SWM can
be simultaneously generated. If the generated FWM
and SWM are transmitted in the same EIT window,
spatial-temporal coherent interference between FWM
and SWM will occur.

Since the angles between the laser beams in the
square-box pattern are very small (0.3°), the optical
alignments of the laser beams are quite tedious and
challenging. In the generated FWM and SWM sig-
nal beams, the coherence lengths are given by lp =
2¢/[n(wa/wi)|ws — w1]0?] and Is = 2¢/[n(ws /w1 )|ws —
w1|6?], respectively, with n being the refractive index
at the frequency wy. In the experiment, 6 is very small
(0.3°) that lrp and lg are much larger than the inter-
action length L, so the phase-mismatch effect can be
neglected.

With the current condition (Gs, Gy)> Gy >>(Gy,
G1), and neglecting other MWM processes that are
either very weak or propagate in other directions, the
total detected intensity at angle 6 is given by the co-
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FIG. 13. (a) A three-dimensional spatial-temporal inter-
ferogram of the FWM and SWM signal intensity I(7,7)
versus time-delay 7 and transverse position r. (b) The
theoretically simulated result from Eq. (11). The signal in-
tensity is normalized to 1. The parameters are 2o =2.427
fs™', Ak=1. 9 mm~', and n =1.5

existing FWM (Er) and SWM (Es) signal as

I(r,7) oc X P4nx® 2420 @ ||x ] cos(ps —ps+)

(11)
where 7 = €93€3 /€5, x® =
—in 3N/ {eohPdidoldr + (G3 + Gy)?/ds]} =
IxPlexp(ivs), x® = 20WduSuiN/ (eohdidads) =
IXPlexp(1ps), ds = Tso + i(A; — Ag) with ¢ =
Ak-r—wyr and Ak = kp —kg = (ko —ky) — (ks —k3).
H, U and pz are the dipole moments of the tran-
sitions \O> - |1>,/ [1) —|2) and |3) — |1), respectively,
and e, €9, €3, €5 are the respective amplitudes of the
fields.

From Eq. (11), it is clear to see that the total sig-
nal has not only spatial interference with a period of
21t/ Ak, but also an ultrafast time oscillation with a
period of 27/ws, which form a spatial temporal in-
terferogram. With a plane-wave approximation and
the square-box configuration for the laser beams with
small angles, the spatial interference occurs in the
plane perpendicular to the propagation direction.

Figure 13 depicts a typical three-dimensional inter-
ferogram pattern (Fig. 13 (a)). Figure 13 (b) presents
a theoretical simulation for the total intensity with ap-
propriate parameters. The temporal oscillation period
is 271/wy=2.588 fs, which corresponds to the transition
from 5P3/5 to 5D5/p with a frequency of (22=2.427
fs~! in 3Rb. Such measurement of atomic transition
frequency in optical wavelength range is Doppler-free
and can be used as a tool for precision frequency mea-
surement. If this technique is used on a transition with
larger energy difference, sub-femtosecond time resolu-
tion can be achieved by scanning translation stage in
nanometer precision. The spatial interference is de-
termined by the value of Ak = 27| As — A3]60/A3A3. In
our experimental situation, we have 27t/Ak=3.3 mm
along the direction of Ak, which gives a little more
than one interference fringe. When the phase delay
is varied with E; beam, the spatial interference pat-
tern can be changed from destructive to constructive
at the center of the beam profile (r = 0).

To see how well the transition frequency s can
be determined from such time interference fringe, we
need to consider two cases. When the laser linewidths
are much narrower than the homogeneous linewidths
of the transitions, the phase fluctuations of the laser
fields will limit the range of the time delay, which
puts an upper boundry on the accuracy of the modu-
lation frequency measurement. In such case, the accu-
racy of measuring modulation frequency is determined
by the laser linewidths. This measurement depends
on how well wy can be tuned to the transition fre-
quency 2o, and is Doppler-free, which can be useful
in optical spectroscopy and precision measurements.
For the other case, when the laser bandwidths are
larger than the atomic decay rates, the modulation
frequency corresponds directly to the resonant fre-
quency 5. The accuracy in the modulation frequency
measurement will then be determined by the homoge-
neous linewidths of the atomic transitions, even in the
Doppler broadened atomic medium, which is applica-
ble to transitions between metastable states.

A few points are worth mentioning here. First, our
experimental results indicate that we can not only
enhanced SWM to be in the same order of inten-
sity as the co-existing FWM signal, but also manip-
ulate their spatial and temporal behaviors by con-
trolling the phase delay in one of the laser beams.
Such spatial-temporal interferogram between FWM
and SWM signals was generated with three indepen-
dent laser sources. Second, by adjusting the power
of E; beam, the relative strengths of the FWM and
SWM signals can be easily adjusted. In the case of
making Eg << Ep (letting E; — FE5 in power),
Eq. (11) can serve as a heterodyne detection method
to determine the ratio of high-order nonlinear suscep-
tibilities (x(® /x®)). Since x(®) can be easily mea-
sured, the y(® coefficient in such atomic medium
can then be determined. Third, the technique used
here can be easily transferred to solid materials, on
which EIT and FWM processes can be easily obtained.
Fourth, with controlled FWM and SWM processes
and enhanced efficiency via atomic coherence and the
opened EIT window, three-photon entanglement or
correlated triplet photons can be generated for testing
fundamental quantum mechanics and quantum infor-
mation processing.

3. Efficient Energy Transfer between FWM and SWM

The interaction between FWM and SWM is not
only reflected by the spatial-temporal coherent inter-
ference, but also the energy transfer between them as
well. As well know, by manipulating the atomic co-
herence and quantum interference between different
energy levels in the multi-level atomic system with
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carefully-designed phase-matching conditions and in-
tensities, as well as setting the optical depth of the
atomic medium at certain value, we can generate and
control co-existing FWM and SWM processes, and
their relative strengths. Spatial-temporal coherent in-
terference between FWM and SWM was discussed
in the section III. B. 2, and energy transfer between
the FWM and SWM signals during their propagation
occurred. In this section, we study how the FWM
and SWM signal fields reach their steady-state val-
ues during propagation and the coupled equations for
the probe, FWM, and SWM fields are used to ex-
plain the measured results. Studying such energy ex-
change during propagation between high-order nonlin-
ear wave-mixing processes can help us to understand
and control these higher-order nonlinear optical pro-

|

D D D
0G0z = ilyphy = ——Gyp + —— Grexp(—iAks - 1) — =2 Gyexp(—ik - T)
D, Dy Dy

0G0z = i&py =

D~

an/az = ZESP?O = 731

where gp(f,s) = 2kp(f,s) },LQN/h, Akf = kil — kf, Aks =
k1 — ks. When the laser beams are on resonances,
Dy = &T2050, Do = &l50G3, D3 = £,G3G3, Dy =
keD1/ky, Ds = keDs/ky,, Ds = kiG%Do/(G3kp),
D; = ksD1/ky,, Ds = ksG%iDs/(Tsoky), Dy =
Iol20 30 4+ '30G3 + '20G3, Dy = T'1ol'20(T'10T30 +
G3), and Dy = I';T'20'30. N , and p are the atomic
density, decoherence rates, and the dipole moment of
the relevant transition, respectively.

Equations (12-1)~(12-3) are derived from the op-
tical responses of the medium to the probe, the gen-
erated FWM and SWM fields, respectively. The first
terms in these equations contain the linear suscepti-
bilities with the EIT signature, and the second and
third terms in each equation are contributions from
the third- and fifth-order nonlinear susceptibilities, re-
spectively, which are the parametric conversion pro-
cesses. More explicitly, the linear susceptibilities con-
trol the dispersion profiles and transmission spectra of
the probe and the generated FWM and SWM fields,
while the third- and fifth-order nonlinearities play the
essential roles in determining the features of energy
transfer between FWM and SWM processes.

These coupled equations indicate that not only the
probe beam can generate FWM and SWM fields, but
also these FWM and SWM fields can affect each other.

D, Ds
g+ 2@
D, D,

cesses, and hopefully lead to interesting applications
in opto-electronic devices, 2D soliton formation, gen-
erations of entangled photons, and quantum informa-
tion processing.

In the generated FWM and SWM signal beams, the
coherence lengths are given by If = 2¢/[n (w2 /w1 )|ws —
w1|60?] and 5 = 2¢/{n[(wa + w3)/w1]|ws + w3 — w1 |62},
respectively, with n being the refractive index at the
frequency w;. In our experiment, 6 is very small
(about 0.3°) that [f and I3 are much larger than the
interaction length L, so the phase-mismatch can be
neglected.

Under the conditions (G3, Gy) > (Ga,Gs) >> Gy,
a set of coupled equations for the probe field and the
generated dominant FWM & SWM fields can be used
to describe the dynamics of the system as

(12-1)
, Ds :
pexp(iAkg - 1) + FGsexp(zAks - T) (12-2)
t
Gs — %Gpexp(iAkf T) — %G’fexp(iAks - T) (12-3)

(

Competitions between these fields are the key to es-
tablish the equilibrium among them. The solutions
of these coupled equations determine the propagation
characteristics of the generated FEf and Ej fields. To
see the physical picture more clearly without giving
the complicated solutions, we rewrite Eqs. (12-2) and
(12-3) as

(Gt + Gs) D, Ds  Ds

2 :*E(GfJFGs)JF(E*E)Gp
(13)
Dg Dg
+ (EGS - EGf)

By examining the solutions at large propagation
distance (which give Dy ~ Dy =~ D7, Dy ~ Dy ~ Dy
and D3 &~ Dg), we notice that some balance conditions
are satisfied, i.e., Dy D¢/ Dy —D3sDy/Ds = 0 in Eq. (12-
1) for the probe beam, and DgDs/ Dy — DgD¢/Ds =0
in Eq. (13) for the FWM + SWM signals. Quantum
destructive interferences between three-photon (Gf)
and five-photon (Gs) excitation pathways are the un-
derlying mechanisms for the probe and the generated
FWM + SWM signals to reach equilibrium.

For given initial conditions of Gp(z = 0) = Qo,
Gi(z = 0) = Gs(z = 0) = 0 at the entrance face
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FIG. 14. Square points: Measured FWM and SWM
peak intensities versus atom number density (FWM curve,
SWM curve, and FWM+SWM curve). Inset: The mea-
sured probe intensity at the EIT window. Solid lines: The-
oretically calculated curves corresponding to the measured
results (square points). The parameters are G1 = 2t X 5
MHz, G = Gy = 21 x 35 MHz, G3 = Gy = 27 x 80
MHz, Az = 0 — Ay = Ay = 312 MHz, I'1p/2n = 3 MHz,
F20/27T =04 MHZ, and F30/27'[ = 2 MHz

of the medium, Egs. (12-1) and (12-2) can be solved
analytically to be

QoD;
Dy — Dy

Dg  Ds Dyz

(55— [l—exp(l——-)] (14)

Gr+Gs = D, D D

where Dyz/D; o« Nz. From Eq. (14), it is
clear to see that for sufficiently large Nz with
4 exp(—Dyz/D;) << 1, the solution reaches a con-
stant value independent on z. These balancing condi-
tions indicate that after an initial propagation dis-
tance for the FWM and SWM signals to build up
(while the probe intensity decreases accordingly), the
probe beam and the total generated FWM + SWM
beams reach their equilibrium. After that the FWM
and SWM fields will only transfer energies between
themselves and, eventually, after a much longer prop-
agation distance, reach their individual steady states,
so they will propagate in the medium without further
absorption and distortion.

Figure 14 (square points) shows the intensities of
the probe, FWM, and SWM signals as a function of
atomic density, respectively. The FWM and SWM
signals increase initially at low atomic density (or
equivalently short propagation distance), as the probe
beam intensity decreases. At certain atomic den-
sity (about N = 0.3 x 10'2/ecm?), the probe and the
FWM + SWM intensities reach their equilibriums, af-
ter which energy exchange occurs only between the
FWM and SWM signals as they propagate through
the medium. Eventually, at a higher atomic density

(about N = 1.2 x 10*?/cm?), the FWM and SWM
signals reach their respective steady-state values in-
dividually. This is the first observation of energy ex-
change between the generated FWM and SWM sig-
nals in propagation and the process of reaching their
steady-state values. The theoretically simulated re-
sults from Eq. (12) are plotted in Fig. 14 (solid lines),
which match quite well with the measured data.

Such energy exchange during propagation can be
influenced by many parameters. For example, the in-
tensities of E3 and E;; can greatly modify the bal-
ance between the FWM and SWM generating pro-
cesses. By fixing the atomic cell temperature to have
N =1.4x10'2/cm? (dashed line in Fig. 14), the rela-
tive FWM and SWM intensities can be tuned by vary-
ing the power of Es (Ej).

There are a few important issues that are worth
raising here. First, if a pulsed laser is used for the
probe beam, the generated FWM and SWM signals
will be slowed down due to sharp dispersion, and even-
tually become pulse-matched with the probe pulses, as
in the case of FWM. Such system could possibly used
to generate entangled FWM (or SWM) photon pairs
and even triplet photons for quantum information pro-
cessing. Second, both FWM and SWM processes de-
scribed here share the same F,,, F and E; beams, so
strong competitions between these wave-mixing pro-
cesses, as well as the three-photon and five-photon
interferences, exist in this system. The energy ex-
change and interactions between the generated FWM
and SWM during propagation are the manifestation
of strong coupling and competitions between these
high-order nonlinear optical processes. Third, in order
to investigate the FWM and SWM energy exchange,
we selectively suppressed the typically efficient SWM
channels in the k,, direction (by using lower Es & E;
powers and slightly misaligning the E3 & E:; beams),
so only dominant FWM process needs to be consid-
ered in this direction.

In summary, FWM and SWM processes were shown
to co-exist in the inverted-Y atomic system. The ef-
ficient coupling between these high-order nonlinear
wave-mixing processes makes them exchange energy
in propagation before reaching their respective equi-
librium values at long propagation distance (or high
optical density) through the medium. Quantum de-
structive interferences between three-photon and five—
photon excitation pathways for FWM and SWM, re-
spectively, as well as reabsorption via nonlinear pro-
cesses, are the underlying mechanism for the gener-
ated FWM and SWM fields to reach equilibrium. By
choosing appropriate propagation length (or atomic
cell temperature) or pump power E3 and E;, one can
get desired relative strengths between the FWM and
SWM signals from Iewnm < Iswwm to Iewnt > Isw.
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A theoretical model has been developed to compare
with the experimentally measured FWM and SWM
generation processes during propagation with excel-
lent agreements. Understanding and controlling the
high-order nonlinear optical processes, such as (%)
and x(®, can be very important in studying new phys-
ical phenomena (such as 2D soliton formation and
liquid light condensate) and in designing new appli-
cations for quantum information processing (such as
entangled photon generations and 3-qubit quantum
computation).

C. AT Splitting and Enhancement/ Suppression

1. AT Splitting in High-Order Nonlinear Processes

Atomic AT splitting (ac-Stark splitting) was first
observed on a radio-frequency transition, and then
in Calcium atoms. Such AT splitting effect was
also investigated in lithium molecule using cw triple-
resonant spectroscopy and in semiconductor material
with ultrashort intense laser pulses. Recently, an an-
tiblockade effect due to the AT-split Rydberg popula-
tion was studied theoretically and experimentally with
two-photon excitation in a three-level atomic system.
In this section, firstly, the primary and secondary AT
splitting of the dressed FWM process in an EIT win-
dow of a four-level Y-type atomic vapor system. The-
oretical calculations are carried out to well explain the
observed results, giving a full physical understanding
of the interesting multiple AT splitting in the high-
order nonlinear optical processes. Then, we go further
to investigate the complex AT splitting phenomena in
the SWM process. Although primary AT splitting in
molecular lithium has been reported previously by de-
tecting fluorescence, the current method is a coherent
phenomenon in high order nonlinear processes, mak-
ing use of the unique spatial phase-matching condi-
tions and laser induced atomic coherence in the multi-
level atomic system, so it can be used to control the
direction of optical signals.

The two ladder-type EIT subsystems form two EIT
windows. The two EIT windows can either overlap or
be separated by changing the frequency detuning of
the pump and coupling laser beams. First, without
the strong coupling field E3, a simple FWM process
(with Ey, Es and E,) will generate a signal field Eg
with frequency wi. The density-matrix element p(l?(’))
of the FWM signal could be got Via the perturbation

chain (I) pl0) <L, pgl) “2, o83 =22, 5 When the
powers of Fs and E2 are strong enough, they will start
to dress the energy level |1) to create the primarily-
dressed states |+) and |—), as shown in Fig. 15 (c),

which can be described via the perturbation chain (II)

3y 12
5.
E3
|1>1I'
E,
Jo)
()
|2
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e it 3 X 5
----}- P e
o) —t L
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FIG. 15. (a) Four-level Y-type atomic system. (b) Spatial
phase-matching beam geometry used in the experiment.
(c)~(e) Corresponding dressed-state pictures of (a)

pl0) e, p ez, p@) —w2, 58) - Similarly, a stronger

probe field E; can also modify such FWM process.
Such self-dressing effect, i.e. the participating FWM
fields dress the involved energy level which then affects
the FWM process itself, is unique for such MWM pro-
cesses in multi-level systems and has not been system-
atically studied before. Next, when the coupling field
E; is added, these fields (E, (E,) and E3) can dress
the energy level |1) together. B, (E,) first creates the
primary dressed states |4), then E3 creates the sec-
ondary dressed states | ++) at a proper frequency de-
tuning (tuned to near either the upper or lower dressed
state |[+) or |—)), as shown in Figs. 15 (d) and (e),
via the perturbation chain (ITI) p{% <L p) <2,

pg%) ez pilo, which generates the secondary AT

splitting for the FWM signal. The two primary
dressed states induced by Ejy and E; can be writ-
ten as |£) = sinf|1) + cos61]2) (Fig. 15 (c¢)). When
E5 only couples the dressed state |+), the secondary
dressed states are given by |[4+4) = sin 05 |+)+cos 65]3)
(Fig. 15 (d)), where sinf; = —ay /az, cos0; = G5/aa,
sinfly = —as/aq, costy = Gs/as, a1 = Aoy — Ay,
as = \/af+|Gg|2, ag = Az — Ay — Apa, a4 =
Va2 4G, and G = Gy + G,. The eigenval-
ues are Ay = (Ag + /A2 +4]|G2|?)/2 for |+), and
A+ = (A £ /AL +4]G5[2)/2 for | + +), where
Ay =Asz— )\,

In order to see the AT splitting of the FWM signal
in the EIT window, we first calculate these nonlinear
susceptibilities via appropriate perturbation chains

here for simplicity. When the coupling beam Fj is
blocked, the simple FWM (with E;, E; and E,)
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process via chain (I) gives p(fé) = G,/(d3ds), where
G, = —iGng(G;)*eXp(ikF 7). When Ej is turned
on, the above simple FWM process will be dressed by

|

fields Es , Ey, Es and even E; (if it is not too weak),
and the multi-dressed FWM process is

pRo = Ga/l(d2 + |G1 [ /da)(dy + | GYI? /da + |Ga[* /ds)(dy + |G /To + |Gl /ds)] (15)
[
2 10 ; § the dressed states |+) and |—), respectively (Fig. 15
g . = ISy g (c)). Since the left EIT window is quite far from the
I @ 2 ||® w 8 right EIT window, the coupling field E3 basically can-
§ 200 0 -200 0 200 0 = not affect the two peaks in the FWM signal (Fig. 16
L; A;(MH2) (a))

2 10 @ © J\/\(ﬂ H hen the £ f By is tuned t
= owever, when the frequency of E3 is tuned to move
g O.SA the left EIT window into the left FWM peak, sec-
2 00 ondary AT splitting occurs and the left FWM signal
= T =0 -200A c()M HZ%) 2 B 2 peak splits into two peaks (Fig. 16 (b)). Moreover,
: the right FWM peak is enhanced simultaneously, since
FIG. 16. Measured multi-peak FWM signals (lower the coupling field E3 dresses the state |[+) and sepa-

curves) and the corresponding EIT (upper curves) induced

by the fields Es + E; and Ej3 versus A; for Ay = 0,
As = 125 (a), Az = 20 (b), Ag = —20 MHz (c), and
versus Ay for Ay = —20, Az = 125 (d), As = 20 (e),
Az = —20 MHz (f). The other parameters are P; = 1.3
mW, P, = P, = 16 mW and Ps = 146 mW/%®!

with dy = I's; + iA5. Since the probe field is weak
(Gy << G%), the primary AT separation A, is de-
termined mainly by the fields F» and E; (ie., A, =
AL — A_ = 2GY% as shown in Fig. 16 (a)). The sec-
ondary AT separation A, is caused by the dressing
field E3 (i.e., AC = /\++ — /\+_ = A__;'_ —A__ &~ 2G3
as shown in Figs. 16 (b) and (c)). From the expan-
sions p\2) ~ Gu[l — |GY|2/(d1dp)]/(d2ds) and p\Y) ~
G.[1-|G3]?/(d1d2)]?/(d3ds), one can see that the first
and second terms stand for three-photon and five-
photon processes, respectively, which show that the
AT splitting results from the destructive interference
between the three-photon and five-photon processes.

Figures 16(a)~(c) present the FWM signal inten-
sity versus the probe field detuning A; for different
dressing field detuning Az = Ay ~ G%. The upper-
curve in each figure is the probe transmission with two
ladder-type EIT windows, and the lower-curve is the
FWM signal. In Fig. 16 (a), the right (]0) — |1) —|2)
satisfying A; + Ay = 0) EIT window is induced by
the pump fields Ey + E5 and the left (|0) — 1) — |3)
satisfying A; + Az = 0) one is induced by the cou-
pling field F3. The right EIT window contains the
double-peak FWM signal Er, with the two peaks cre-
ated by E, + E,(i.e., the primary AT splitting). The
left and right peaks of the FWM signal correspond to

rates it into two secondary dressed states | + +) and
| + —) (satisfying Ag = A;). The three peaks in
the triple-peak FWM signal (Fig. 16 (b)), from left
to right, correspond to the secondary dressed states
| ++) and | + —), and the primary dressed state |—),
respectively (Fig. 15 (d)). Similarly, the right FWM
peak is separated into two peaks while the left FWM
peak is enhanced when the coupling beam is tuned
to the |—) state, as shown in Fig. 16 (c). The three
peaks, from left to right, correspond to the primary
dressed state |+) and the secondary dressed states
| —4) and | — —) (satisfying Az = A_), respectively
(Fig. 15 (e)). Figure 16 (d) shows the AT splitting of
the FWM signal versus the pump field detuning Ao,
when the |0) —|1) — |3) EIT window is tuned quite far
from the |0) — |1) — |2) EIT window. In this case the
primary AT splitting is mainly caused by FEs + E;
When the two EIT windows get close and overlap,
Figs. 16 (e) and (f) depict the suppressed and en-
hanced FWM signal intensities versus A, for different
coupling field detuning Ag, respectively. Compared
with Fig. 16 (d), the FWM signals are suppressed
(Fig. 16 (e)) and enhanced (Fig. 16 (f)) at Ay +A3 =0
and A; + Az = |G3]?/Ay, respectively. Such FWM
signal is enhanced via a single-photon resonance.

With the coupling field E5 blocked and the probe
field Ey weak in Fig. 17 (a), the AT splitting sepa-
rations A, and A mainly result from the fields Fs
and E, (ie. A, Ay ~ 2GY ). Such AT splitting
separations A, (Fig. 17 (b)) get larger with increas-
ing E5 and Eé However, when the probe field E;
is strong enough (in Fig. 17 (c)), the AT splitting
separations A, and Ay are then determined by both
the pump fields (E», Eé) and the probe field E;. As
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FIG. 17. Measured double-peak FWM signals versus A;
with As = 0 for (a) increasing P>=1.6, 4, 8.3, 14, 20,
25, 29 and 32 mW from bottom to top and (b) the power
dependence of Agwhen Pi=1.3 mW, and for (c) increasing
P1=0.24, 0.48, 0.58, 0.68, 0.83, 0.93, 1.1, 3.4 and 8 mW
from bottom to top and (d) the power dependence of A,
when P,=17 mW/68!

A, and A, get larger with increasing Fq, there ex-
ists a turning point at P, =10 mW (Fig. 17 (d)),
beyond which both AT splitting separations reach
their respective saturation values at high probe power
(Fig. 17 (d)). Figures 17 (e)~(h) presents the FWM
signal intensity versus the probe field detuning A
for different frequency detuning Az and coupling field
power P3. Since the probe E; is weak, the primary
AT splitting A, mainly results from E, and E, (i.e.
A, = Ay — A_ =~ 2G%). The secondary AT split-
ting A; (ie., Ac = Ay — Ay— =~ 2G5 in Fig. 17 (e),
A, = A4 — A__ = 2G5 in Fig. 17 (g)) gets larger
with increasing E5 (Figs. 17 (f) and (h)).

More interestingly, Eq. (15) for the dressed FWM
with G3 = 0 can be written as

Py~ G 1= |G1[*(1/dada+1/diTo)+|Ga|* /(Tod dady)]
(16)
where G, = Go/{[1 + |G5|2/(d1ds)]d2d5}. The first
term of Eq. (16) represents a three-photon process in
the probe and pump fields, the second term is the five-
photon process which interferes destructively with the
first term and is responsible for the AT splitting in
Figs. 17 (d) and (h)) and the third term gives the
seven-photon process, which has the same sign as the
first term and hence tends to increase the FWM sig-
nal. In fact, the second term is dominant at lower
probe power, while the third term is dominant at
higher probe power. Physically, such saturation be-
havior in Figs. 17 (d) and (h) is induced by the bal-
anced interactions between the destructive and con-
structive interferences of these multi-photon transi-
tion pathways.
Next, we briefly investigate the self- and externally-
dressed AT splitting of the SWM processes within
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FIG. 18. (al), (bl) and (c1) are the measured SWM1 self-
dressing AT splitting signals versus A; for Ay = —50 MHz
under different Pi, P> and Ps powers, respectively. (al) is
increasing P1= 0.30, 0.36, 0.43, 0.90, 1.37, 1.85, 2.32, 3.66,
5.33, 8.18, 10.3, 13.61, 15.46, 22.5, 24.2, 25.3, 28.8 and
29.5 mW from bottom to top. (bl) is increasing P> =0.3,
0.6, 0.9, 1.2, 1.5, 2.1, 4.5, 7.5, 12.5, 17.2, 25.5 and 31.4
mW from bottom to top. (cl) is increasing Ps= 1.8, 3.9,
6.3, 7.7, 11.4, 16.7, 22.2, 33.1 and 52.2 mW from bottom
to top. (a2), (b2) and (c2) are the corresponding power
dependences of (al), (bl) and (c1), respectively. Here A,
Ay and A, are the increments of distance between the two
A-T splitting peaks when P, P» and Ps; are increased,
respectively, and the squares are the experimental results,
while the solid lines in (a2, b2, c2) are the theoretical
calculations. The fixed powers in (al,2), (b1,2) and (c1,2)
are (Po= 32.0 mW & P3; =55.0 mW), (Pi= 13.0 mW &
P; =55.0 mW), and (Pi= 13.0 mW & P,= 32.0 mW),
respectively[®”!

EIT windows in an atomic system. Such AT splitting
demonstrates the interactions between two coexisting
SWM processes.

For the SWM1 signal (due to the weak probe field),
the expression can be simplified as: P(s51) =iGs1/[(d1+
G3/dy)do(dy + G3/dy + G2/ds)ds(dy + G2 /ds)]. Sim-
ilarly, for the SWM2 signal, the expression is simpli-
fied as: py) = iGsy/[(dy + G2/dy)ds(dy + G3/ds +
Gz/d4)d3(d1 + G%/dg)}, where GS2 = G1G;)*G3G4GZ
There exist two ladder-type EIT windows, i.e., the
[0) —|1) — |2) EIT1 window satisfying A; + A =0
(induced by the coupling field E5) and the |0)—|1)—|4)
EIT2 window satisfying Ay + Ay = 0 (induced by the
coupling field E,). The EIT1 and EIT2 windows con-
tain the SWMI1 signal (Fs;) and the SWM2 signal
(Es2), respectively.

When the external-dressing field Ej4 is blocked,
we get the SWMI signal within the EIT1 window
(which is an inverted-Y system). Figure 18 (al, bl,
cl) presents the SWM1 signal intensity versus the
probe field detuning A; for different field powers of
P, P, and P; with the same frequency detuning
of A = —50 MHz. Obviously, the SWMI signal
shows two peaks due to multi-dressing effects. With
the power increases, the intensity of the SWM1 sig-
nals increases accordingly, while the left peak height
is always greater than the height of the right peak.
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Meanwhile, the increments of the AT splitting sep-
arations A; = )\S_l) AW~ 9 |G,1? + |Giol? (1 =
a,b,c corresponds to j = 1,2, 3, respectively, and
Gaol®> = |G3o| + |G30l?, |Grol> = G0l + |Gsol?,
|Geol? = |G1o]? + |Gao|?), increase obviously with in-
creased powers (Rabi frequencies) Py (G1), P2 (G2)
and Ps (G3), respectively and fixed Py & P53 (Gao &
Ggo), P1 & P3 (Glo & G30) and P1 & P2 (G10 & Gzo),
respectively. The two peaks of the double-peak SWM1
signal (Figs. 18 (al), (b1) and (c1)) correspond, from
left to right, to the primarily-dressed states |+) and
|—), respectively. Moreover, the experimentally mea-
sured (peak separation) results in Figs. 18 (al), (bl)
and (cl) are in good agreement with our theoretical
calculations (solid curves), as shown in Figs. 18 (a2),
(b2) and (c¢2), respectively.

In summary, we have experimentally observed the
AT splitting of high-order nonlinear optical processes
in an EIT window in atomic vapor system. The AT
splitting can be considered to be due to destructive in-
terference between the three-photon and five-photon
processes. Such controlled multi-channel splitting sig-
nals in nonlinear optical processes can find potential
applications in optical communication and quantum
information processing.

2. Enhancement and Suppression of FWM Processes

In the AT splitting, the spectrum of FWM is a com-
bined result of enhancement and suppression due to
the dressing effect, and the classical Lorentzian emis-
sion line-shape due to the scanning probe detuning.
If the detuning of coupling filed is scanned, instead
of the probe detuning, the enhancement and suppres-
sion due to the dressing effect can be extracted out
from the background. Recently, destructive and con-
structive interferences in a two-level atomic system
and competition via atomic coherence in a four-level
atomic system with two co-existing FWM processes
were studied. In the presence of additional coupling
laser fields, more FWM processes can be generated
to coexist, which can be selectively suppressed or en-
hanced via quantum interference. Also, AT splitting
in triple-resonance spectroscopy was discussed in sec-
tion III. C. 1 previously. In this section, we will fo-
cus on our experimental studies of enhancement and
suppression between two FWM processes. The exper-
imental data clearly show the evolutions of the en-
hancement and suppression, from pure enhancement
to partial enhancement /suppression, and then to pure
suppression at resonance, which are in good agree-
ment with theoretically calculated results. There also
exist interesting interplays between these two FWM
processes due to induced atomic coherence in this sys-
tem.

Relative Intensity of DFWM

il | &
120 20 0 20 40 60 -60 -40 20 0 20
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FIG. 19. The evolution of the dressed effects for different
Ay values: (a) Ay = —101 GHz (squares), —84.3 GHz (cir-
cles), —67 GHz (triangles), 71.3 GHz (reverse triangles),
88.6 GHz (pentagons), 105 GHz (hexagons) from right to
left. Inset: theoretical plots corresponding to the experi-
mental parameters. (b) Ay = — 30.3GHz (Squares), —21.6
GHz (triangles) and —13 GHz (circles). (¢) Ay =29.3 GHz
(Squares), 38 GHz (triangles) and 42.2 GHz (circles)

We first set A; at one point and scan As. Evolu-
tion from suppression to enhancement is observed as
shown in Fig. 19. The probe field is changed from
high to low frequency side. As frequency detuning
goes from A; < 0 to zero, the DFWM signal Ey is
enhanced gradually to the maximum value [right side
of Fig. 19 (a)], which is an enhanced process. Then, it
undergoes a partial enhancement /suppression [Fig. 19
(b)], until the FWM signal is purely suppressed at
the resonant point. When A; changes to be positive,
it shows a symmetric process [i.e., a partial suppres-
sion/enhancement in Fig. 19 (c), and a pure enhanced
process in the left side of Fig. 19 (a)].

One way to explain these observed effects is by us-
ing the dressed-state picture. Let us first consider
the case of large Gy (e.g., 15.7 GHz). The dress-
ing field couples the transition |2) to |1) and creates
the dressed states |Go=). Therefore, the DFWM sig-
nal Ef for a large one-photon detuning is extremely
small when G5 = 0, the strong dressing field can
cause resonant excitation for one of the dressed states
if the condition wy + we = wig + (w21 £ Ag,) (i-e.,
A+ Ay £ Ag, = 0) is satisfied™, where Ag, is
the splitting level relative to the original position of
the state |1) by the dressing field Ey or E, so that
Ay = (G3 — A?)/A;. For example, the DFWM sig-
nal Ef; is strongly enhanced in the presence of dress-
ing field when Ay = —67 GHz [Fig. 19 (a)], which
is mainly due to the one-photon (|0) — |Ga+)) res-
onance. Thus, Ay for Ey is very large initially, so
the dressed effect only gives the enhancement. As
Aq goes towards zero, the suppression effect gets into
play gradually due to the dressed states |Gat). In
this case, when the frequency changes from high to
low values it results in suppression for the DFWM
signal first and then an enhancement. From the data,
we can deduce the condition for the suppressed-dip
to be wy + wy = wip + wa1, (e Ap+ Ay =0). At
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the A; = 0 point (resonant case), only suppression
effect exists. For the A; > 0 part, it has a symmetric
evolution between the enhancement and suppression
effects, as shown in Fig. 19 (c).

In summary, we report our experimental results
with theoretical analysis on the evolutions of the
dressed effects of the DFWM and NDFWM processes.
The experimental data show that the FWM signal can
be enhanced by adding new coupling fields. In ad-
dition, we have measured the power dependences of
enhanced and suppressed FWM signals. The experi-
mental data are in good agreements with our theoret-
ically calculated results. These studies provide detail
physical mechanisms to control and optimize the effi-
ciencies of the MWM processes in multi-level systems.

IV. SPATTIALLY COHERENT CONTROL OF
MWM VIA PBG

When multiple laser beams interact with multi-
level atomic systems, interesting spatial effects for the
probe beam, such as pattern formation, spatial dis-
placement, and spatial soliton, can occur and be con-
trolled by stronger coupling or pumping laser beams.
In this section, the spatial dispersion properties of the
probe and generated signal in FWM process beams
will be presented, which can lead to spatial shift and
splitting of these weak laser beams. Such beam dis-
placement and splitting can be controlled by the ad-
justable coupling/pumping laser beams via enhanced
cross-Kerr nonlinearity in the multi-level atomic sys-
tems near EIT resonance. Because such enhanced
spatial dispersion behavior follows closely to the tradi-
tional linear and nonlinear dispersion properties in fre-
quency domain for multi-level EIT systems. By con-
trolling the spatial displacements of the weak probe
and FWM beams with coupling/pumping beams, spa-
tial optical switching and routing of one beam or mul-
tiple optical beams can be achieved.

The dressing fileds in the generation of dressed
FWM can interfere with each other, and form spatial
periodic dressed state, then periodic refractive index,
which leads to the formation of electromagnetically in-
duced grating (EIG) and electromagnetically induced
lattice (EIL). Because of the periodic refractive index,
EIG has photonic band gap (PBG). When probe beam
is incident into the EIG, it will have strong Bragg
reflection, and the generated reflection signal is the
FWM signal. Therefore, FWM signal carries the mod-
ulation of PBG and solitons with periodic spatial pro-
file, such as gap and dipole solitons, can form when
the refractive index balances the diffraction. More-
over, if more fields are available in the experiment, a
spatial vortex pattern can form and the FWM can be
modulated to generate vortex soliton.

The protypes of spatial optical switch, router and
multiplexier based on such spatial displacements and
splitting of FWM have been investigated. The soliton
of FWM has potential application in pattern forma-
tion, image storage and processing in optical commu-
nication.

A. Enhanced Kerr Nonlinearities

The Kerr effect is a special kind of nonlinear opti-
cal phenomenon occurring when intense light beams
propagate in crystals, glasses, or gases. Its physical
origin is a third-order nonlinear polarization generated
in the medium. For self-Kerr nonlinearity, the intense
light modifies its own propagation properties, while
for the cross-Kerr nonlinearity the propagation prop-
erties of a light beam is modified by the interaction
with another overlapping beam in a Kerr medium.
Actually, the Kerr effect originates from an instan-
taneously occurring third-order nonlinear response,
which can be described as a modification of the refrac-
tive index. The refractive index of many optical ma-
terials depends on the intensity of the light beam due
to the special third-order nonlinear responses, which
can be written as n = ng + nyl. Here, ny is the
Kerr nonlinear index proportional to x(3). If higher-
order (such as fifth) nonlinearity is considered, the
nonlinear index ns will be influenced by the inten-
sity of the light beam. With weak CW diode lasers
in three-level systems sharp dispersion of ng can be
induced due to EIT, which can slow down the opti-
cal pulse propagation. Also, no of the three-level EIT
system has been measured which is greatly enhanced
comparing to its two-level subsystem. Since the Kerr
nonlinear dispersion in such EIT medium has been
shown to have an opposite sign (anomalous disper-
sion) from the linear dispersion (Fig. 20), and they
change dramatically near the EIT resonance, the cav-
ity transmission linewidth with such EIT medium can
be greatly modified due to the modified group index
ng = (no +nalp) +wp(0ng /0wy, + 1,002 /0wy,), where
I, is the probe beam intensity and wy;, is the probe
laser beam frequency. The linear and nonlinear dis-
persion terms (the derivatives) dominate in n,. Since
the two derivatives have opposite signs, n, can take
either positive or negative values, depending on the
frequency detuning and probe intensity.

The effects of the self- and cross-Kerr nonlineari-
ties also induce phenomena of SPM and XPM which
modulate spatial optical beams. Depending on the
sign of the nonlinear refractive index, such intensity-
dependent refractive index can produce either a con-
verging or diverging wave front to change the trans-
verse beam profile during beam propagation. With
SPM a single beam modulates itself during its prop-
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FIG. 20. (a) Linear and (c) nonlinear refractive indices and
their derivatives (b) and (d), respectively, as a function of
Ap

agation through medium. When two copropagating
or counterpropagating beams modulate each other
via nonlinear interaction, it is due to XPM. When
ny > 0, the converging wave front counteracts against

J

diffraction-induced spatial spreading, which can focus
the optical beam to demonstrate the self-focused or
cross-focused beam when the beam power exceeds a
critical value. Similarly, when ny < 0 the diverging
wave front increases the natural diverging this gives
the self-defocused or cross-defocused beam. In 1990,
Agrawal reported the phenomenon of induced focus-
ing occurring in the self-defocusing nonlinear media
as a result of XPM. When a weak optical beam co-
propagates with an intense pump beam, the XPM in-
duced interaction between the two beams can focus
the weak beam, even though the pump beams exhibits
self-defocusing. Also, electromagnetically-induced fo-
cusing phenomenon was reported in the three-level
atomic system. In the three-level EIT system the ra-
dial intensity profile of the strong pump laser can gen-
erate a modified spatial refractive index profile which
is experienced by the weak probe laser as it tunes
through the transparency window near resonance. It
leads to spatial focusing and defocusing of the probe
beam.

Equations (17) ~ (19) are the Maxwell-Bloch equa-
tions under rotating-wave and slowly-vary-envelope
approximations, which give the mathematical descrip-
tion of the SPM- and XPM-induced spatial interac-
tions among the probe and two FWM beams.

[0+ 05 B, 2 + 203 [BY |2 + 202 | Byl? ] B, (17)

+m1 By (By)*Epy + 12 Es(Ey)* Epo

[nl 0S| B2 + 2n§3|E;|2] Epy (18)

+773E1(E1)*Ep + 774E2(E;)*EF2

OBy | 0B, i0°E, iViE, ik

0z cot 20t2 2k, ng

0Ep1 | 0Ep1  i0°Ep  iV3iEp ke
0z cot 20t2 2]{5}71 N

OBry | 0Bps  i0°Bry  iViEps ik
0z cot 20t2 2k}72 B

[+ 5% Bl + 2034 | B2 | Eeo (19)

1151 (By)* Epy + 776E2(Eé)*EP

Here, on the left side of these equations, the first
terms describe the beam propagation, the second
terms give the dispersion ones, the third terms are
for the second-order dispersion and the fourth terms
describe the diffraction of the beams diverging prop-
agation. On the right hand, the first terms are the
linear response, the second terms are for the non-
linear self-Kerr effects, the third terms (the third
and fourth terms for Eq. (17)) describe the nonlin-
ear cross-Kerr effects, the fourth and fifth terms (the
fifth and sixth terms for Eq. (17)) represent the phase-
matched coherent FWM processes. z is the longi-

(

tudinal coordinate in the propagation direction and
k, = kp1 = wing/c. ng and nq are the linear refractive
index at w; in vacuum and medium, respectively. n3!
is the self-Kerr nonlinear coefficient of the field Ej,
n5? is the self-Kerr nonlinear coefficient for the gener-
ated FWM field Eg, and n3? is the self-Kerr nonlin-
ear coefficient for the generated FWM field Eps. ng( 1
is the cross-Kerr nonlinear coefficient of the field Es
induced by the strong pump field E/17 na 2 is the cross-
Kerr nonlinear coefficient of the field E3 induced by
the strong pump field Eé, na3 is the cross-Kerr non-
linear coefficient of the field Er; induced by the strong
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pump field Ei, na 4 is the cross-Kerr nonlinear coeffi-
cient of the field Ers induced by the strong pump field
E; In general the Kerr nonlinear coefficients can be
defined as ny = Rex® /(g0cng), where the third-order
nonlinear susceptibility is given by x®) = Dp%%) with
D = Nu2uzy/(hPeoGpGY). 1y (1io) is the dipole ma-
trix element between the states coupled by the probe
beam E, (between |7) and |0)). 7; are the constants.
p&%) can be determined from the density-matrix equa-
tions for the multi-level medium.

The strong pump beam distorts the phase profiles of
the probe and FWM beams through XPM, which in-

|

8EF1(Z, y) 7 6 ikFl

0z | 2kpy1 Oy2

The solution of this equation is approximately
Eri(z + h,y) = exp|ihD]Exp[ihN]Eg;(z,y). Here h
is the step-length, D = (2kp1)~'9/dy? is the diffrac-
tion factor and N = kpy (n32|Ep1|? + 203 EL2) /ng
is the SPM and XPM factor. Finally, we can use the
split-step Fourier method to obtain the numerical so-
lution. Furthermore, if we neglect the diffraction term
and the small SPM contribution, Egs. (17)~(19) can
be readily solved to obtain the XPM-induced phase
shift ¢ imposed on the probe and FWM beams by
the pump. In this case, Eq. (20) reduces to

0Fw(z,y 2k /
SR (BB R) B @)

which gives Epi(z,y) = Ep1(0,y)exp(i¢pnr) with
onL(z,y) = 2kp1nZ3| E, |22 /ng. The additional trans-
verse propagation wave-vector is dk, = ¢IN - Here,
the strong field E’ has a Gaussian profile, like the
solid line in Fig. 21 (a). In this case, when ny3 > 0,
¢ N1 has a positive Gaussian profile (see the thick solid
line in Fig. 21 (a)) and dk,, is shown by the dash line in
Fig. 21 (a). The arrows in Fig. 21 (a) represent the di-
rection of dk,. The direction of dk, is always towards
the beam center of the pump field, and therefore, the
weak E|, g1 po fields (the thin solid lines in Fig. 21 (a))
are shifted to the pump field center. When na3 < 0,
¢n1 has a negative Gaussian profile (see the thick
solid line in Fig. 21 (b)) and the direction of dk, (the
dash line in Fig. 21 ) is outward from the beam center
of the pump field, thus E; g1 72 are shifted away from
the pump field (see Fig. 21 (b)).

Recently, spatial displacements of the probe and
generated FWM beams have been observed in a three-

duces the spatial modifications of the probe and FWM
beams, including spatial displacement and splitting,
and produces spatial solitons. Thus, we can neglect
the dispersion, linear term, and coherent FWM pro-
cesses in the equations for simplicity. Actually, these
simplified differential equations are still difficult to
solve analytically. By assuming Gaussian profiles for
the input fields, we can use a numerical approach (i.e.
the split-step Fourier method) to solve Eqs. (17)~(19).
However, numerical solution of 2D equations requires
considerable computing resource with both z and y di-
rections. For simplicity, we only consider one dimen-
sion in the y-direction. For example, one can consider

Eq. (18) and obtain

L1 2+ 2n5‘3|E;|2>] Er(z9) (20)
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FIG. 21. Instantaneous nonlinear phase shift induced by a
Gaussian beam in a (a) focusing and (b) defocusing non-
linear medium and the corresponding contribution to the
one-dimensional component of the propagation vector

level V-type, and two-level atomic systems near reso-
nance. The observed spatial shift curves as a func-
tion of frequency detuning reflect the typical en-
hanced cross-Kerr nonlinear dispersion properties in
the EIT systems. This dispersion-like spatial deflec-
tion is named as EISD. The spatial beam displace-
ments can be controlled by the strong control laser
beams and the atomic density. Such EISD can be
used as a single way to measure the Kerr-nonlinear
refractive indices for the multi-level atomic media.
Also, it can be used for controllable all-optical spa-
tial switching and routing of optical signals. The
spot shifts of the FWM and probe laser beams can
be used as the “on” and “off” states of the spatial
all-optical switch. The extinction ratio for the on/off
states, as well as the beam shift distances and direc-
tions, can be optimized by modulating frequency de-
tuning, intensities, and temperature of the medium.
At the same time, beam shifts in opposite directions
have been realized simultaneously for different FWM
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beams, which could be employed to construct switch-
ing/routing arrays. Then, spatial shifts and splitting
of FWM signal beams induced by additional dress-
ing laser beams were investigated which are caused
by the enhanced cross-Kerr nonlinearity due to atomic
coherence in the atomic system. The spatial separa-
tion and number of the split FWM beam can both
be controlled by the intensity of the dressing beam,
and by the modified Kerr nonlinearity and atomic
density. Although spatial beam shifting and splitting
have been reported previously, the current atomic sys-
tems have some advantages: (1) large beam shift and
splitting can be achieved due to enhanced Kerr non-
linearity induced by atomic coherence; (2) the “dis-
persion” curve for the beam displacement has been
measured for the probe beam and matched to the cal-
culated cross-Kerr nonlinear index; (3) displacements
and splitting of the FWM signal beams are experi-
mentally demonstrated, which have never been done
before; (4) specially-designed spatial beam configura-
tion was used to achieve the unique phase-matching
conditions for the FWM processes, and for the beam
shifting and splitting at the same time; (5) the cur-
rent multi-level systems have much better experimen-
tal controls with additional laser beams; (6) such stud-
ies can have important applications in spatial image
storage, spatial entanglement, and spatial quantum
correlation of laser beams.

A spatial soliton can be formed when the diffraction
of a laser beam is compensated by the self-focusing or
cross-Kerr effects in a Kerr nonlinear medium. In re-
cent years, many new type spatial solitons, such as
discrete solitons, gap solitons, surface gap solitons,
and vortex solitons, were investigated (both theoret-
ically and experimentally) in waveguide arrays, fiber
Bragg gratings, Bose-Einstein condensates, and pho-
torefractive crystals. In achieving such interesting
spatial effects, large refractive index modulations are
needed by either fixed periodic structures (such as
waveguide arrays and fiber Bragg grating) or recon-
figurable optical lattices by laser beams as in the pho-
torefractive crystals. Gap soliton exists in band gaps
of the linear spectra in various structures, and the
forward and backward propagating waves both expe-
rience Bragg scattering and form the periodic struc-
ture, which are coupled nonlinearly. A vortex soli-
ton appears as the self-trapping of a phase singular-
ity and from which a screw-type phase distribution
is generated with a singularity at the origin where
the real and imaginary parts of the field amplitude
are zero. Azimuthally modulated vortex solitons (az-
imuthons) have been theoretically considered in self-
focusing nonlinear media. Transverse energy flow oc-
curs between the intensity peaks (solitons) associated
with the phase structure, which is a screw nonlinear

function described by the factor exp(ime), where ¢ is
the azimuthal coordinate and the integer number m
is defined as the topological charge. If a phase mask
is used to introduce certain phase delay for half of
the soliton beam, the soliton can split into two parts
with opposite (71) phases between them, called dipole-
mode vector soliton with a Hermite-Gaussian mode
structure. The dipole-mode vector soliton is a vec-
tor soliton originated from trapping of a dipole-mode
beam. In an optically-induced 2D photonic lattice,
dipole-mode solitons can be created with either op-
posite phases or same phase between the two parts.
Vector solitons with one nodeless fundamental com-
ponent and another dipole-mode component can cou-
ple to each other and be trapped jointly in the pho-
tonic lattices. A radially symmetric vortex-mode soli-
ton can decay into a radially asymmetric dipole-mode
soliton that has a nonzero angular momentum, which
can survive for a very long propagation distance. Spa-
tial multi-component soliton has vectorial interaction,
mutually self-trapping in a nonlinear medium, and
their total intensity profile exhibits multiple humps.

The modulation effect of the vortex solitons is in-
duced by the cross-Kerr nonlinear dispersion due to
atomic coherence in the multi-level atomic system.
These FWM vortex patterns are explained via the
three-, four- and five-wave interference topologies.
The complex amplitude vectors can be overlaid at the
observation plane and give rise to the total complex
amplitude vector (Xx, Cy) of the interfering plane
waves. The local structures of the optical vortices are
given by the polarization ellipse relation

C3 /(T + T3 sin®(6 + a) (22)
+CH(TX + 1) cos® (B + @) = 1

where 8 = arctan(Tx /Ty ) and « is the ellipse ori-
entation. The ellipse axes Tx, Ty are related to the
spatial configuration of the laser beams (including the
incident beam directions, phase differences between
beams etc.) and their intensities. Such novel spa-
tial FWM gap soliton trains are induced in periodi-
cally modulated self-defocusing atomic medium by the
cross-phase modulation, which can be reshaped un-
der different experimental conditions, such as different
atomic densities, nonlinear dispersions, and dressing
fields. Effects due to the frequency detuning and in-
tensity dependences of the refractive index are consid-
ered in addition to its 1D (axis &) periodic variation
by using n(A,I,€) = n1(A) + na(A) + on(§), where
I is the dressing field intensity. dn = ng cos(2mE/A)
accounts for the periodic index variation inside the
grating. The grating period is given by A = \/6,
where 6 is the angle between the two pump beams.
The formation and steering of the steady dipole soli-
tons and their dynamical (energy transfer) effects have
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been analyzed. The dipole-mode solitons of two FWM
processes have horizontal and vertical orientations, re-
spectively, which can coexist in the same atomic sys-
tem, and their characteristics can be compared di-
rectly. In detail, we consider the incoherent super-
position of two dipole components, us and ug, as a
generalization of a two-component dipole-model soli-
ton {uy,V'}. This two-component come from a three-
component solution {u,us2,us}. The transformation
of the dipole components is V' — {ug,us}, where
uz = Vcosa and ug = Vsina (« is a transformation
parameter). Such a straightforward generalization is
indeed possible for a N-component system.

As we have demonstrated, the multi-level atomic
systems have well-controlled linear, as well as non-
linear, absorption and dispersion properties, which
are essential in generating such interesting spatial
gap, vortex and multi-component dipole solitons in
atomic meida. Without the enhanced Kerr nonlin-
earities due to atomic coherence, it will be hard to
reach the needed index contrast for observing these
novel spatial soliton phenomena. With several well-
controlled experimental parameters, one can drive the
Kerr medium to different parameter regions to investi-
gate richer spatial soliton phenomena (such as forma-
tion and dynamics), better explore parametric spaces,
and compare with theoretical predictions. Observing
such solitons and studying their dynamics in FWM is
not a simple extension of the previous results, but a
significant breakthrough to explore different nonlinear
regions and mechanism for forming such spatial dipole
solitons and their evolutions. In solid-state materials,
tenable parametric spaces are limited, so certain the-
oretically predicted phenomena are not reachable in
the experiments. However, in the multi-level atomic
systems, the tenable regions for parameters are broad-
ened, which can be used to explore interesting phe-
nomena, such as transition from one type of spatial
soliton to another and energy transfer between dif-
ferent dipole modes. Also, previous spatial solitons
in solid materials were all done in the probe beam,
not for FWM beams as in the multi-level atomic me-
dia, where Kerr-nonlinear FWM processes are greatly
enhanced and become more efficient. The tenable pa-
rameters, such as atomic density, coupling/pumping
field intensities, and frequency detunings can be easily
and independently controlled experimentally, which
are important in reaching different regions of the sys-
tem. Due to the nature of induced atomic coherence
in the system, the enhanced Kerr indices change dra-
matically with experimental parameters and can reach
high values. Combining with the use of pulsed laser
beams with high beam intensities, the refractive index
contrast An = nsl in the multi-level atomic system
reaches high value, so those interesting novel solitons

can be observed. Also, since the high Kerr index is
induced by the strong dressing/pumping laser beams,
it is the cross-Kerr nonlinearity that plays essential
role in controlling these novel solitons, not the self-
Kerr coefficients as in the cases for photon-refractive
materials. The basic behaviors and mechanics are
different between the multi-level atomic systems and
photorefractive crystals in observing these novel soli-
tons. Such controllable spatial dispersion properties
and spatial solitons can find useful applications in de-
signing new devices for spatial all-optical switching
and logic gate for optical communications and all-
optical signal processing.

B. Photonic Band Gap

1. Periodic Energy Level

In experiment, two pump beams with the same fre-
quency are often used, and act as dressing fields if
the powers are strong sufficiently as shown in Fig. 22
between them. In the spatial interaction region, Fy
and E, will interfere with each other and create a pe-
riodic intensity distribution, which leads to periodic
Rabi frequency amplitude |G (2)]? = G3y + G +
2G90 Gl cos(2(ky sin 6y )x]. Therefore, the dressing ef-
fect changes periodically. Influenced by |Gor(z)|?,
the naked state |1) will be splitter into two dress-
ing states denoted as |Gaoi(x)+) and |Ga(z)—), as
shown in Fig. 22 (a), locating in the two sides of
|1), with their eigen-frequencies offset from that of
|1) determined by the pump detuning A, and Rabi
frequency amplitude Gai(z) as Ag, (o) = D2/2 +
\/A2/4+ |Goy(z)[2. Moreover, we notice that the
split energy levels |Got(2)+) and |Ga¢(x)—) are pe-
riodic along « direction because of the periodic Rabi
frequency amplitude |Ga:(z)]2.

The doubly dressed mode with the dressing fields
Es, Eg, E5 and Eé, shown in Fig. 22, also can lead to
the spatial 2D dressed energy states. First, the inter-
ference between the dressing fields E5 and Ej leads to
periodic dressing effect, and therefore split the naked
state into two dressing states denoted as |Gs¢(y)+)
and |G3:(y)—), with periodic varying eigenfrequencies
AGyyye = —A3/2 & VA2/4+ |G (y)|2. Next, the
secondary dressing fields Fy and E; also have dress-
ing effect and the first-order dressing state |Gs¢(y)+)
(|Gse(y)—)) will be split into two second-order dress-
ing states |G3:(y) + Gat(x)+) and |G3¢(y) + Gar(z)—)
(IG3t(y) — Gae(x)+) and |Gai(y) — Gae(x)—)), given
that E2 and E, near the resonance with |Gs:(y)+)
(|IGst(y)—)). Obviously, the frequencies of the two
second-order dressing states |Gs¢(y) + Gai(z)E) and
|G3:(y) — Gat(x)=£) are periodical, as shown in Fig. 22
(b). Such spatial periodic energy leves can lead to
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FIG. 22. The Schematic of the R-Y type atomic level sys-
tem to produce MWM signals: (a) The doubly-dressed
FWM. (b) The geometric configuration to generate SWM
signal; k2 and k; form a SW (black grating) along z, k3 and
ks form a SW (red grating) along y. (c) Single-dressing
FWM enhancement effect. (d) Doubly dressed FWM en-
hancement effect

periodic enhancement or suppression of Kerr effect,
and furthermore spatial periodic nonlinear refractive
index, i.e., generate the EIG which has PBG, and the
probe beam with frequency falling within this PBG
will be reflected strongly to generate the FWM sig-
nal. So the FWM can be modulated by the EIG to
have spatial periodic profile.

2. Method to Calculate PBG

Generally speaking, there are two methods avail-
able to calculate the PBG which stems from periodic
laser-atom interaction system, namely, the methods of
plane wave expansion and transfer matrix. In transfer
matrix method™™, the EIG or EIL can be divided into
many layers, and the refractive index of each layer is
supposed to be constant. The relationship between
the incident and outgoing light field of each layer is
connected by a transfer matrix of the layer itself. Thus
the transfer matrix of the EIG or EIL in the medium
can be calculated by the product of each layer’s. Fur-
thermore, considering the Bloch’s theorem, the PBG
can be obtained numerically by solving the equation

J

mrt/a+ik = cos™H{Tr[Tx(A)]}/A, the left hand sides
of which means that the real part of the Bloch wave-
vector is around the edge of the Brillouin region, the
imaginary part is nonzero, a is the EIG period, and the
incident field (probe field) detuning A-dependent Ty
is the transfer matrix of one period in the EIGs. For
one period, the total transfer matrix can be expressed
by Ta(A) = Zjvzl T;(A), where T} is the transfer ma-
trix of the j-th layer when we divide the whole period
into N layers, and its dependence on the probe field
detuning is obvious.
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FIG. 23. The PBG calculated by the plane wave expansion
method

Here, we additionally discuss the plane wave ex-
pansion method to calculate the PBG. The spatially
modulated total linear and nonlinear refractive index
is given by n(¢) = ng + dny cos(2k2() + dny cos(4ks(),
where ng is the spatially uniform refractive index; dn
and dno are the coefficients for spatially varying terms
for the modulated index. By expanding the electrical
field of the incident field into Fourier series multiplying
the Bloch wave, and the spatially periodical index into
Fourier series, then substituting this two expressions
into the Maxwell equation, next solving the homoge-
neous equations, we can obtain

ke =k & \/{kg[l +x1+ (3 — X3)xa] — k232 — Edlxaxsxa + (X3 + 2xa2xs)xs)?/2ki,
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FIG. 24. The three panels are the cut plots of the Talbot
effect at the initial place (a), the quarter Talbot length (b)
and the Talbot plane (c)

which is called dispersion relation and reveals the rela-
tion between the Bloch wave-vectors k4 and the probe
field A;. Here, xpm & X.,, (m =1,2,3) are the Fourier
coefficients of the susceptibility; k; is the wave vector
component projected on the EIG periodic orientation
of the probe field. A region of A; can be found sat-
isfying Re(kta;/m — 1) = 0, which is right the PBG.
As an instance, Fig. 23 shows the PBG calculated by
the plane expansion method, in which the flat region
represents the PBG.

3. Nonlinear Talbot Effect

The Talbot effect2~6! first observed by H. F. Tal-
bot in 1836, is a near-field diffraction phenomenon
in which the light field spatially imprinted with pe-
riodic structure can have self-imaging at certain pe-
riodic imaging planes (the so-called Talbot plane).
Such self-imaging effect holds a range of applications
from image preprocessing and synthesis to optical
computing!”. In this following paragraph, we will give
an introduction on how to generate controllable Tal-
bot self-imaging with FWM and SWM signals.

Since dressing effect can modify the FWM and
SWM signals, we can construct spatial periodic dress-
ing effect to modify the usual spatial uniform MWM
signals into spatial periodically dressed signals, with
spatial periodic intensity distribution in the transverse
dimension. The periodic pattern of the MWM signals
can be flexibly controlled by adjusting the atomic co-
herence.

The Talbot effect with EIG®! in higher nonlinear
optical process has been studied. Specifically, the
1D and 2D periodic dressing effects are determined
by the spatial periodic Rabi frequency |G (x)|* and
|Gar(z)|? & |G3i(y)|?, respectively. Taking the 2-D
case for instance, we can obtain the dressing states
|Gse(y) + |Gar(2)£) and |Gsi(y) — Gai(x)+) with 2-
D periodic varying frequencies Ag,,(y)+Go,(x)+ and
AGy: (y)—Gai(z)+> as shown in Fig. 24 (b). Then the pe-
riodic enhancement condition, suppression condition
can be obtained, and the FWM is modulated to have
spatial periodic intensity distribution.

Now, we consider the propagation of the peri-
odic FWM (SWM) signals. For simplicity, we de-
fine that the signal output plane as z = 0, adopt
the paraxial approximation. Therefore, the propaga-
tion of the MWM signals can be regarded as a Fres-
nel diffraction process. In the perspective of Fourier
optics, the transfer function of a Fresnel diffraction
system with z as the propagation axis can be ex-
pressed as Hrp(¢) = exp(ik,,z)exp(—imtAz£2), where
¢ is the spatial frequency and k., is the input sig-
nal wave-vector projected on the z axis. It is ob-
vious that a signal with multi-{( components can be
distorted in the propagation because a £-quadratic
phase is introduced to it in the diffraction. How-
ever, for the periodic MWM signal described above,
the self-imaging without distortion at certain prop-
agation lengths can be demonstrated. The peri-
odical electrical field distribution of the MWM sig-
nal go(z,y) can be expanded into 2D Fourier series
85 902, ) = S5 1 scCmnexpli2n(n/dy +my/d,)]
and in spatial frequency domain can be further writ-
ten as Go(§,m) = X0y e ooCmnd(§ —n/dy) - 6(n —
m/dy), where ¢p,, is the Fourier coefficient. So,
after the Fresnel diffraction, multiplying the MWM
signal and the transfer function in spatial frequency
domain, we can obtain the MWM signal at a z

GEn = % cmndlE — n/dy) -

(011 /dy)exp(ikay 2)exp {imh 2[(n/dy 2+ (m /dy )]},
where k,, is the projection of the MWM signal
wave vector on z the axis. So after inverse Fourier
transformation, we can get the signal field g(z) =
go(z)exp(ik,,z) In light of the fact that |g(x)|> =
lgo(x)|?, we say at z = 2gd2/\; we can see the self-
image of the MWM signals, and zp = z|4=1 is defined
as the Talbot length.

distance as:

4. Third- and Fifth-Order Nonlinearities
In nonlinear optics®19, the susceptibility x con-
nects with the refractive index of the medium by the
relation n = /1 + Re(x). Taking into account higher-
order terms one can represent the refractive index as
power-law Kerr-type nonlinearity, n = ny + naol +
ngl? + - with the intensity I = eoc|E[?/2. Ob-
viously, if nonlinear coefficients n, and n4 have the
same signs, the corresponding models exhibit sim-
ply increasing strength of nonlinear self-action, self-
focusing for ny > 0 and ny > 0 or self-defocusing for
ny < 0 and ny < 0. More interesting situation oc-
curs if the two nonlinear contributions have opposite
signs, i.e., nong < 0 and this case is usually called the
“competing” cubic-quintic (CQ) nonlinearity, which is
widely used in solitonic science to seek stable higher-
order soliton solutions. Let n4 be a self-focusing type,
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i.e.,, ng > 0. Then, for any sign of Kerr contribu-
tion ng, there will be a threshold power of light beam
E, above which higher-order self-focusing will pre-
dominate both the linear diffraction and ny contri-
bution. In this case the beam will collapse, similar to
the pure Kerr case with ny > 0 and ngy = 0. How-
ever, if ny < 0, then the collapse can be suppressed,
for the light beam with high enough intensity ex-
perience effectively self-defocusing environment, i.e.,
dn/dI < 0. Here the threshold intensity is given by
Iin = —n2/2ny4. That is the reason why CQ nonlin-
earity can be a charming research focus in the past
decades.

As one example, even though higher-order solitons
cannot stably exist in a Kerr medium, they have been
numerically confirmed in a system with CQ nonlin-
earity. Experimentally, a CQ nonlinear dielectric re-
sponse with positive cubic and negative quintic con-
tributions has been observed in chalcogenide glasses,
and in organic materials. However, in all these cases
the quintic nonlinearity is accompanied by signifi-
cant higher-order multiphoton processes such as two-
photon absorption, therefore the validity of the CQ
models to light propagation in these materials requires
additional explorations. If both the third-order and
fifth-order nonlinearities can be enhanced with EIT,
and at the same time the absorption can be effectively
suppressed, the formation of a higher order stability
soliton will be ensured.

C. EISD and Splitting of FWM

1. Spatial Dispersion of FWM Beams

Spatial displacements of the probe and generated
FWM beams are observed in a three-level V-type,
as well as a two-level, atomic system near resonance.
The observed spatial dispersion curves reflect the typ-
ical dispersion properties in the EIT systems and are
the results of the cross-Kerr nonlinear coefficients en-
hanced by the induced atomic coherence in the multi-
level systems. The spatial beam displacements of the
weak probe and the FWM signal beams are controlled
by the strong control laser beam and the atomic den-
sity. Studying such controlled spatial beam shifts can
be important in image storage and in generating spa-
tially correlated (entangled) laser beams in multi-level
EIT systems. In this section, we show that by arrang-
ing the laser beams in a certain spatial configuration,
such sharp dispersive features in frequency domain for
the probe beam can be converted into spatial beam

displacement controlled by the strong coupling laser
beam. For a three-level V-type system, as shown in
Fig. 25 (a), the control (coupling) beam Es in one
transition can spatially deflect the probe beam FE, in
another transition when these two laser beams prop-
agate through the atomic medium with a small an-
gle. As the probe frequency is detuned, the spatial
deflection shows a dispersion-like change in its dis-
placement, which exactly mimics the dispersion curve
as observed for the Kerr-nonlinear index of refraction
in the EIT system. Also, when two additional pump
laser beams (E; and Ei) are applied to the probe
transition, as shown in Fig. 25 (b), to generate a FWM
signal Ep;, this FWM signal can also be spatially dis-
placed by E5. Again, a dispersion-like spatial deflec-
tion curve for the FWM signal is seen with respect to
the probe frequency detuning. Such EISD can be used
for spatial switching and routing, and as an easy way
to measure the Kerr-nonlinear indices of refraction for
the multi-level atomic media. When the control beam
E5 is tuned to the same transition as the probe and
pump beams, as shown in Fig. 25 (c), it becomes an
effective two-level system. Efficient deflection of Epq
by FE5 in such two-level atomic system has been also
observed and compared with the three-level V-type
system.

There are several features in this work that are dis-
tinctly different and advantageous over the previously
studied spatial shifts of laser beams in atomic systems.
First, the EISD of both the probe beam and the gen-
erated FWM beam can be directly observed and con-
trolled by another strong (control) laser beam. Sec-
ond, the cross-Kerr nonlinear index ny can be directly
measured by such simple EISD technique. Third, en-
hanced cross-Kerr nonlinearity in spatial domain can
be achieved by increasing atomic density (cell tem-
perature) or the power of the strong control beam.
Also, the effects of different dressing schemes on spa-
tial deflection of the FWM beam have been carefully
considered and compared.

Under our experimental conditions, the sodium va-
por is an EIT-enhanced Kerr medium for the propa-
gating laser beams. The laser beam E5 (or E; ) is ap-
proximately 10? times stronger than the beam E;, and
10* times stronger than the weak probe beam E,, so
E, and E; beams can control the weaker E, and Er;
beams. At the same time, the field E; can also slightly
affect the displacement of the Er; beam. The math-
ematical description of the propagation properties of
the weak beams E, and Er; due to self- and cross-
Kerr nonlinearities of the control and pump beams can
be obtained through numerically solving the following
coupled equations:
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(a)

(cl) l (c2) E, E, &E;

FIG. 25. (a) Three-level V-type EIT system. (b) Three-level V-type system with FWM signal Er1 generated by the

pump beams (Eq, E;) and the probe beam (E}) in the transition |0) — |1). The FWM process can be modified by the
control beam Ej. (c1) Two-level system with four laser beams tuned to the same transition. (c2) Dressed-state picture

corresponding to the two-level system in (c1). (d) Spatial beam geometry used in the experiments

0B, iVAE, ik,
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where z is the longitudinal coordinate in the propaga-
tion direction, kp = k1 = wing/c, no is the linear re-
fractive index at wy, ny % are the self-Kerr nonlinear
coefficients of the fields E, and Eg; , and ny ' ~~® are
the cross-Kerr nonlinear coefficients due to the fields
E; 5 and Ell, respectively. These nonlinear Kerr co-
efficients can be controlled by the parameters of the
relevant laser fields, such as field detuning and power.
Since high-power pulsed dye lasers are used in the ex-
periment, Doppler effect and the power broadening
effect are considered in the calculation according to
Eq. (23). By assuming Gaussian profiles for the input
fields, Eqgs. (23-1) and (23-2) are solved by using the
split-step Fourier method.

Figure 26 shows spatial displacements of E, and
Eyq, respectively, versus frequency detuning A;
(A1 = Q1 — w; for the three-level system or Qs — wy
for the two-level system) with a fixed control beam
(Agy = Qs —wy = 0). When the pump beams E; and
E, are blocked (Fig. 25 (a)), it is the simple three-level
V-type EIT system. For the fixed Fs, the measured
probe beam displacements show a spatial dispersion-
like displacement curve as depicted in Fig. 26 (a) (the

(n3|Bpl® + 205" [ B | + 203 | Eo*) B,

= (52| Er]? + 203 | B1 2 + 203 | Bo 2 + 205 | B 2] By

(23-1)

(23-2)

(

triangle points). The data points can be fitted well
with the calculated ns versus A;. The inset in Fig. 26
(a) shows the images of the measured probe beam
spots versus Aj in the two-level system. In the A; < 0
region, the smaller beam spots are an indication of
self-focusing effect for the probe beam due to positive
self-Kerr nonlinear index, while the larger beam spots
in Ay > 0 region are due to self-defocusing because
of the sign change in the self-Kerr nonlinear coeffi-
cient. When E, is tuned to the transition |0) — |2),
the system becomes an effective two-level one. Simi-
larly, with Es fixed, the spatial displacements (black
squares) also show the same dispersion-like curve, as
shown in Fig. 26 (a). Again the solid (black) line
is the calculated cross-Kerr nonlinear coeflicients as
a function of Ay, which fits perfectly well with the
measured EISD. When the pump beams (E; and E,)
are on (Fig. 25 (b)), an efficient FWM signal Ep
is generated by the pump beams together with the
probe beam, which propagates in a different direction
as shown in Fig. 25 (d). With a fixed E5, the gen-
erated Er; (in either the three-level or the two-level
system) is deflected differently when the frequency de-
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FIG. 26. (a) EISD shift of the beam E, and the fitted
cross-Kerr nonlinear coefficient ns versus A; at 230°C in
the two-level system (black squares) and the three-level
system (red triangles), respectively. Inset: EISD spots of
E,, versus A; in the two-level system. (b) EISD shift of
the beam FEw; and the fitted cross-Kerr nonlinear coef-
ficient versus A; at 230°C in the two-level system (black
squares) and the three-level system (red triangles), respec-
tively. Inset: EISD spots of Ep1 versus A; in the three
level V-type system. The parameters are G, = 0.2 GHz,

G1 = Gy =1.1 GHz and G =9.7 GHz2”!

tuning of the probe beam (A;) is scanned, as shown
in Fig. 26 (b). The dispersion-like curves are narrower
than the probe beam deflections, but the general be-
haviors are very similar to the ones as in Fig. 26 (a).
The spatial deflection curves are well fitted with the
calculated cross-Kerr nonlinear indices of refraction
for the three-level V-type and two-level systems (solid
curves), respectively. The inset in Fig. 26 (b) shows
the images of the measured FWM beam spots versus
Ay in the three-level system.

The observed spatial displacements of the probe
(Ep) and FWM (Er;) beams are caused by the non-
colinear propagations of the laser beams and the en-
hanced cross-Kerr nonlinear indices of refraction due
to the strong laser beams FEs and E;. For simplicity,
let’s only consider the strong control beam FE5. Dur-
ing its propagation through the vapor cell, the wing
of E5 interacts with the intensity profile of either E,
or Erq, and distorts its phase profile to induce an op-
tical waveguide through XPM. The nonlinear phase
shift can be written as ¢nz = 2kpinz2|A2|?2z/ng and
the additional transverse propagation wave-vector is
0k, = ¢}\,L. In this case, when ny > 0, the direction
of 6k is to the beam center of FE5, and, therefore,
E, 71 is deflected closer to Ey; when ny < 0, the di-
rection of 0k, is outward from the beam center of
E,, thus E, p; is deflected away from FE,. Accord-
ing to the expression for ¢y, the amount of spatial
shift is proportional to the cross-Kerr nonlinear co-
efficient, the field intensity and the propagation dis-
tance. Hence, the spatial displacements of the probe
and FWM beams results from the cross-Kerr nonlin-
ear coefficient induced by the strong control field, and
therefore can be controlled by it.

The spatial displacements of the probe and FWM
beams are mainly determined and controlled by the
large cross-Kerr nonlinear coefficients of the strong

laser fields. However, the cross-Kerr effects induced
by the relatively weaker pump beam(s) can also exist.
Since each of the pump and probe beams can be spa-
tially displaced by the strong control beam (and by
each other), the final spatial displacement of the gen-
erated FWM beam can be affected by such secondary
displacement effects. In the above discussion and cal-
culations, we have only considered the leading contri-
butions from the strongest fields, which explained the
observed spatial displacements quite well. Also, when
E, and Ep; get stronger (with higher probe and more
efficient FWM process), incoherently coupled soliton
pairs can be formed by E, and Eg; due to the in-
terplays between the diffraction effect and self-Kerr
nonlinear effect. Under such conditions, we can ob-
tain the solutions of A, p1(z) = Agsech(Aopz) for the
bright-bright soliton pair in the self-focusing EIT me-
dia and of A, pi(x) = Ag[l — sech?(Agx)]'/? for the
dark-dark soliton pair in self-defocusing EIT media.
Here Ag is the initial envelope amplitude. The en-
hanced self-Kerr and cross-Kerr nonlinear coefficients
due to induced atomic coherence or EISD enable the
formations of such spatial soliton pairs with much
lower input laser powers, which can be very impor-
tant for their applications in optical communications.

2. Spatial Split of FWM Images

In the previous section, due to the enhanced cross-
Kerr nonlinear effects, the EISD shifts for the proble
as well as the FWM beams can be experimentally ob-
served. The observed spatial displacements are fitted
to the calculated cross-Kerr nonlinear coefficients in
the systems, which provide a new and easier way to
determined various cross-Kerr nonlinear coefficients in
the multi-level atomic systems. In this section, we will
present how to achieve spatial splitting by enhanced
cross-Kerr nonlinear effects, the detailed experimen-
tal setups and configuration are similar to the case of
spatial shift experiment in Fig. 25. More information
can be found in Ref. [11].

As shown in the insets of Figs. 27 (a) and (b) (lower
panels), the probe and FWM signal (Ep;) beams are
displaced and split as the frequency detuning A; of
the probe beam is scanned through resonance. The
displacements of the probe and FWM beams follow
the shape of nonlinear dispersion. Here, we only con-
centrate on the beam splitting effect. Figure 27 (a)
gives the splitting distance of the probe beam for dif-
ferent A;. The solid curve is a fit to the cross-Kerr
nonlinear index ny for the probe beam. The splitting
distance of Ep; is given in Fig. 27 (b) as a function
of Ay, which is also fitted to ng, as will be discussed
later.

The Kerr nonlinear index is always zero at the exact
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FIG. 27. (a) Measured probe beam splitting versus Ay (square) and the fitted ns curve (solid) with G, =20.6 GHz at
250°C. Inset: spots of the probe beam versus A;. (b) Measured Er; beam splitting versus A1 (square) and the fitted
na curve (solid) with G/l =20.6 GHz at 265°C. Inset: Er1 beam profiles with A; = —30 GHz (triangle), A; = —22 GHz
(square), A1 = —17 GHz (circle) in top right corner; and spots of the Er1 beam versus A; in bottom. (¢) Eri beam
profiles at 230°C (triangle), 240°C (square), 260°C (circle) and 280°C (reverse triangle), respectively, with G1=20.6

GHz at A1 = —10 GHz .
beam splitting versus G/l with Ay
Gy =10.8 GHz[3")

resonant condition. The temperature dependence of
the FWM beam splitting distance is given in Fig. 27
(¢), which shows a quick increase as temperature rises
and then a slow decrease as the temperature further
increases. Double-beam profiles are clearly shown in
the figure. The intensity dependence of the FWM
beam shift as a function of the pump beam (E;) inten-
sity is depicted in Fig. 27 (d), which gives a continued
increase as G/l gets larger. It is interesting to notice
that when A; < 0 the beam splitting occurs in the
y (vertical) direction, but split in the z (horizontal)
direction when A; > 0 as shown in Figs. 27 (a) and
(b), respectively. This phenomenon can be explained
by the relative positions between the weak beams and
the strong dressing (controlling) beams. For the weak
probe beam E5 (Fig. 27 (a)), in the A; < 0 region,
the beam shift in the y direction results from the at-
traction (ng > 0) of the strong E; beam. This makes
it get closer to Eé, which also splits the probe beam

Inset: Eri beam splitting versus atomic density N. Spots of Er1 beam versus N. (d) Er:
—10 GHz at 265°C. The other parameters are Ay = 0, G2 = 0, G; =1.5 GHz , and

in y direction. In the A; > 0 region, the probe beam
shifts to the down-right direction due to the repul-
sion (ny < 0) of E, (which is slightly misaligned to
the left side) and gets closer to E;, which can split
the probe beam in x direction. Also, for the weak
FWM beam Ep; (Fig. 27 (b)), in the A; < 0 region,
it shifts above E/1 in the y direction induced by E;,
and such E; beam can split Er; in y direction. While
in the A; > 0 region, the FWM Ep; beam shifts in
the down-right direction due to the repulsion (ns < 0)
of/ E; and therefore, splits in x direction induced by
E;.

Figure 28 depicts the beam profiles of the FWM
beam FEyo as a function of various parameters. Fig-
ure 28 (a) presents Epo profiles for different probe
frequency detuning A;. As one can see that the beam
breaks up into two beams at certain value of A;. For
A1 < 0 the atomic system is a focusing medium due
to self-Kerr nonlinearity. The insets in Fig. 28 show
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the spatial beam images.

To understand the observed beam splitting of the
probe and FWM beams, we need to consider various
SPM and XPM processes. The spatial beam break-
ing is mainly due to the overlap between the weak
probe and/or FWM beams and the strong coupling
or pump beams. Due to XPM, the nonlinear phase

|

can have more than one minimum when the cross-
Kerr index ng increases, which generates several inten-
sity minima in the profiles of the FWM beams. The
propagation equations for the probe and FWM beams
with only the most relevant coupling/pump beams for
beam splitting are

OF V2 E ik / /
OBy V1B _ ik {n§1|E3|2 +2n3 By [* + 2n§2|E2|2] Es (24-1)
82 2]€3
8EF1 ZViEm ikpl |: S2 2 X312
_ - E 23| B } E 24-2
9% ke ny L2 |EF1|” + 2n5 °|EL[7| B (24-2)
aEFQ ZviEFQ ikpg |: S3 2 X4, (2
_ _ E 2m¥4|E ] E 24-3
9% T - n3°|Epa|” + 2n5 °|Ey|”| Er2 (24-3)
[
Here, z is the longitudinal coordinate; k3 = kg1 =  duced by E,) and pég) = *Z'GgG/l%Q/(dldeg) for
kro = winy/c; ny is the linear refractive index; n281753 n§1,2 (induced by both E; and E; fields) with dy =
are the self-Kerr coefficients of E3 g1,2; n§17X4 are

the cross-Kerr coefficients of E3 g1,2 induced by Ej 2

and E;’z. Equations (24) can be solved by using the
commonly employed split-step Fourier method.

FWM Beam Profile

FIG. 28. (a) Er2 beam profiles versus Ay at 250°C. The
other parameters are Gi1 = Gll =0, G2 =1.9 GHz and
G/Z =20.8 GHz. The solid lines are the experimental re-

sults and the dotted lines are the calculated Ers beam
profiles

The Kerr nonlinear coefficient is negative for a self-
defocusing medium and positive for a self-focusing
one, which is given by ny ~ Rep%) /(eocng). One
can solve the coupled density-matrix equations to ob-
tain pg%), ie., p¢(z3) = —iGFlG;Q/[d1F1(d1 + G,IQ/FO +
G2/Ty)] for n¥?® (induced by the strong E, field),

PP = —iGpa G2 ldyda(dy + G2/dy)] for n* (in-

Iy +Z(A1 —AQ), ds = dy +G/12/F1 +Gl22/(d2+Gl12/d4),
dy =T'1 —iA,y. Here, Gr1 r2 are the Rabi frequencies
of Ep1 2 and Ay (Ay) is the detuning of the fields
Ei3 and E| (E, and E,). In addition, these three
weak beams can be spatially shifted by the other cou-
pling/pump beams.

The solid curves in Fig. 27 (a) and (b) are the cal-
culated cross-Kerr nonlinear coefficients, which show
well to the measured data. So the measurements of
spatial splitting can be used to determine the cross-
Kerr nonlinear index. With fixed experimental pa-
rameters (such as atomic density, frequency detun-
ing, spot sizes, and atomic decay rates), the measured
beam profiles are fitted to the calculated results (from
the propagation equations) with adjustable signal am-
plitudes and constant background, which show excel-
lent agreements, as shown in Fig. 28. Such direct com-
parisons indicate the validity of Eqs. (24) in describing
the spatial splitting of the FWM beams by other laser
beams.

D. Stable Spatial FWM Solitons

1. FWM Dipole Soliton in Laser-Induced Atomic
Gratings

As mentioned in the previous section, in the self-
defocused nonlinear medium (A; > 0), the XPM due
to the presence of another laser beam can induce a
focusing effect, which can be used to generate spatial
solitons and other interesting nonlinear effects in the
media. In this section, we show that charged dipole-
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(c) (d

FIG. 29. spatial beam geometry used in the experiment.
(b) Two FWM processes Er1 and Erz, with five beams
Eq, Ei, Es, E;, and E3 on, in a cascade three-level atomic
system. Eri (TM polarization) in (¢) and Ers (TE polar-
ization) in (d) are mainly steered by the horizontally- and
vertically-aligned EIG1 and EIG2, respectively

mode solitons can be created in the FWM beams gen-
erated inside a multi-level atomic medium, in which
the self-Kerr and cross-Kerr nonlinearities are greatly
enhanced by laser-induced atomic coherences. The
key to observe such novel dipole-mode solitons is to
create a high enough index contrast (via Kerr non-
linearity noI) in the atomic medium by laser-induced
index gratings. Two component dipole-mode solitons
are generated in two coexisting FWM signal beams in
a three-level atomic system. The easy controls of ex-
perimental parameters in the multi-level atoms make
the current system ideal to investigate the formations
of multi-component spatial solitons and their nonlin-
ear dynamics. One of the advantages of such spa-
tial solitons is that the wave-guiding effect is induced
by focusing due to the cross-Kerr nonlinearity of the
FWM beam, not self-focusing which normally suffers
catastrophic absorption.

Let us consider the EIG under the geometrical con-
figuration as Fig. 29 (a) and energy level system as
Fig. 29 (b). EIG can form when the weak probe beam
E3, coupled to one atomic transition, interacts with
two strong non-collinear beams (either beams E; and
E; in Fig. 29 (c), or Ey and E, in Fig. 29 (d)), that is
coupled to the same or different atomic transition in
an atomic medium. The beams E; and El1 (or beams
E, and E,) induce their own grating EIG1 (or EIG2).
Such periodic refractive-index changes create two pho-
tonic band gaps, which prohibit the probe propagation
and give rise to the highly-efficient omnidirectional re-

flections. Thus, the FWM signals (Er; and Eys) are
the results of the electromagnetically-induced diffrac-
tion (EID) of the probe beam FEs5 by the induced EIG1
and EIG2, respectively. The fringe spacing of EIG1
and EIG2 are determined by a; = A;/0; (i = 1,2).
The dipole-like patterns of Er; and Egy are cre-
ated by the horizontally- and vertically-aligned EIG1
and EIG2, respectively. Furthermore, the generated
FWMs and probe field can form a vector soliton.

A radially asymmetric dipole-mode vector soliton
includes one nodeless component (the probe beam F3)
and two dipole-like components with spatial struc-
tures of Hermite-Gaussian modes (HGio for FEpq
and HGg; for Eps). We mainly study two cou-
pled FWM beams Ep; and Epy (with the same fre-
quency), which have perpendicularly oriented dipole
components, propagating along z direction and dif-
fusing along one transverse direction. We assume
Er, = Api(Q)exp(ikp12), Ery = Apa(Q)exp(ikraz)
and FEi, = Fp1 + Epy . These two coupled FWM
fields satisfy the evolution equations in the Kerr
medium as:

OFr1 iViEp kg1, g 2 X1 |2
_ — E 2 E
P o o (n5~ |Er1|” + 2ny ~ | By |
+ 2052 B |? + 203 By |?) vy + m B (E))* Er
(25-1)
6EF2 ZviEFQ ZkFQ S92 2 X4 2
_ — F 2 E
5 s o (n3 7| Eral” + 205 *| Ea|
+ 2050 | By ? + 20| By |?) Epa + 12 B2 (E)* Ery

(25-2)

Two-component dipole-mode solitons are natural
results from such energy-dependent nonlinear prop-
agation equations. ngs 152 are self-Kerr nonlinear co-
efficients of Er; and Epsy, and nﬁ( 1=X6 are cross-Kerr
nonlinear coefficients of E; 2 and E;AQ to Epp and
Ep,, respectively. As mentioned above, these nonlin-
ear coefficient can be also obtained according to the
density matrix equation, and the density matrix ele-
ments have the form pg‘é) x1/ H?Zl [a;+G7 cos?(k2Q)],
in which the periodic term is derived from the for-
mation of EIG. The coefficients in the last terms in
Egs. (25-1) and (25-2) are 1y = EujpF, and 1y =
&us, Fy with & = idmw; N/ch*, where F, and F, relate
to the Rabi frequencies of the involved fields, the fre-
quency detuning Ay (Aj) for Ej 3 p1r2 and E; (Es
and E,), and the relaxation rates of the system.

The resulting superposition of the two perpendicu-
lar dipole-soliton components, Er; and Egg, is a gen-
eralization from a two-component dipole-mode soliton
(Es5, Er) to a three-component one (E3, Ery, Erg).
The total intensity (I = |E3|? + |Ep1|? + |Er2|?) is
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quasi-stable in propagation after a long enough prop-
agation distance (or high enough atomic density). The
three components of the vector soliton carry topolog-
ical charges 0, +1, —1, respectively, and the total an-
gular momentum is zero (mp; +mpra+ms = 0), which
makes the solution stable, where mg3 r1 ¥2 are topolog-
ical charges of E3,F1’F2.

The in-phase dipole modes of FEp; and FEwg are
created (or split) by the horizontally- and vertically-
aligned EIG1 and EIG2, respectively. Thus, the two-
component dipole-mode soliton solutions of Eg; and
Ero can be written as

Epy = upsech[uy (kpinst /ng) Y2 (r — r1)] cos(Mg/2) -
exp(imp1p + id1)exp(ikp1 2)

and

Erpg = ugsech[us (kpans?/ng) 2 (r — 1)) cos(Mp/2) -
exp(impagp + iga)exp(ikp22),

where u; 2 are soliton amplitudes; r; » are initial peak
positions; M is the number of intensity peaks; ¢; o are
nonlinear phase shifts (¢12 = 21{:172712[2’16_"2/2/111).
Such solutions possess the dipole-soliton characteris-
tics, and two humps form the two poles of the dipole
soliton, which are trapped jointly in the neighbour
photonic fringes.

The generated FWM (Erz) beam can be signifi-
cantly influenced by the dressing beams G,l, Gy or
G & Gy in the cascade three-level system (Fig. 30).
We present the vertical dipole-mode solitons of Epo
with different dressing configurations. The Ers beam
splits into two coherent spots (i.e., dipole pattern, as
shown in Fig. 30) due to the modulated transverse
nonlinear phase shift ¢o induced by the vertically-
aligned EIG2. At low nonlinear dispersion |ns|, Erg
only experiences the linear diffraction. With maxi-
mum |ng| at |Aq] =16.5 GHz (Fig. 30 (b)), vertically-
oriented dipole soliton is generated due to the bal-
anced interaction between the spatial diffraction and
the cross-Kerr nonlinearity. In the self-focusing re-
gion of the atomic medium (from A; = —30 GHz to
A; = —10 GHz ), there exists energy exchange be-
tween the two parts of the Eps dipole mode. At res-
onance or large frequency detuning, the dipole-mode
soliton of Ers decays into a nodeless fundamental one.
Under the case of enhanced FWM due to dressing
(satisfying A; + Ay = |Gy + G1|?/As) in Fig. 30 (a),
Ers with both G; and (7 dressing is stronger than
with Gll or (31 dressing separately, or without dress-
ing fields. For stronger G, the dressing effect of G}
is larger than that of G;. In the enhancement case
with A; =16.5 GHz , the nonlinear refractive index is
ng =—-9x1077 cm2/W for Es, which is much larger
than ny = —2 x 1078 cm?/W in the suppressed case
with Ay =4.5 GHz (satisfying Ay + As &~ 0). The
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FIG. 30. Images at different A; (i-iv) and beam profiles
at Ay =16.5 GHz (a) of dlpole soliton Ers in the cascade
three-level system with G2 G2 =20 GHz , Gll =55 GHz
and G1 =45 GHz ((i) and squares), G, =55G Hz and
G1 =0 ((ii) and circles), G) =0 and Gy = 45 GHz ((iii) and
triangles), and without dressing fields ((iv) and diamonds).
(b) Nonlinear refractive index na of Ers with G/l and G4
dressings[ss]
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FIG. 31. Omnidirectional Bragg reflections of Er; and

Ers beams versus « (a), and Ers beam versus 62 (b), the
solid curves are calculated results of Bloch wave-vectors
R(k+). The parameters are Ay = —15 GHz , A2 = —4.5

CHz, Gy = G1 = G = G2=20 GHz , and G5 =0.5 GHz

cross-Kerr nonlinearity in the enhancement case can
well compensate the diffraction in the propagation,
while it is too weak to balance the diffraction without
the enhancement.

Since FWM signal can be modulated by the EIG,
the analysis of the PBG of EIG is essential. The
spatially modulated total linear and nonlinear refrac-
tive index is given by n(¢) = ng + dng cos(2k2() +
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dng cos(4ka(), where ng is the spatially uniform re-
fractive index; dn; and dno n are the coefficients
for spatially varying terms for the modulated index.
The width of the band gap is given by Ag., =
2wp(dny + dng) /Tng, where wy is the center frequency
of the forbidden band. Moreover, by coupled mode
techniques with Bloch’s theorem, we can also get the
equation displayed in Part IV. B. 2 (on page 112),
with kp, = k3 cosca, and obtain the dispersion curves
of Re(kta;/m — 1) versus A; (i = 1,2 are for Ep
and Efq, respectively), as shown in Fig. 31 (a). Here,
k4 are the Bloch wave-vectors near the Brillouin zone
edge, and x,, & Xlrn (m = 1,2, 3) are the susceptibility
components. Also, with increasing incident angle « of
the probe beam FEj3 from 89.85° to 90°, as shown in
Figs. 29 (c) and (d), there exist a series of forbidden
bands (the region with Re(k4a;/m—1) = 0 in Fig. 31
(a), with right side for the TE-polarized Eps cases
and left side for the TM-polarized Ew; cases, respec-
tively) for such induced periodic medium, which result
from the strong omnidirectional Bragg reflections. It
is obvious that the dipole-mode FEg; and FEgs soli-
ton beams become weaker (as the stop bands start to
disappear from 89.95° to 90° for the incident angle).
When the band gap completely disappears at 89.975°
(with no zero values for the real dispersion, as shown
in the far right and far left dispersion curves)), the
residual intensity comes from the FWM signal with-
out the Bragg reflection. In Fig. 31 (b), when the
angle 6 between the beams E5 and E; decreases, the
number of spots for the Ers beam changes from eight
into two (dipole-mode). The energy has been trans-
ferred from those eight spots (at 62 = 0.5°) to the
dipole-mode spots (at 83 = 0.2°). Such dipole soliton
is trapped jointly in the neighboring photonic fringes.
Since ag = A2/03 the fringe spacing of EIG2 will be-
come larger versus decreasing 6.

2. Surface Solitons of FWM in EIL

The formation of 1D dipole-mode solitons with
FWM beams is introduced in section 1. These
composite spatial solitons with orthogonally-oriented
dipole components are stable as they propagate inside
the atomic medium. In this section, we will discuss
the formations of 1D and 2D surface solitons in the
EIGs and EIL. Compared with the surface solitons
created in the photorefractive crystals and other sys-
tems, the ones formed in the atomic medium can be
easily controlled by many experimental parameters,
such as the probe detuning, the pump powers, and the
incident angles of the relevant beams, since the indices
in the generated gratings and lattice can be changed
by altering the periodically-modulated atomic coher-
ence and nonlinearities®?. We also investigate the

FIG. 32. (a) The ladder-type three-level atomic system
(b) The first spatial beam geometric configuration used in
the experiment for the investigation of 1-D surface soli-
ton. (c) Generation of FWMI1 via Bragg scattering of the

probe beam on the EIG1 created by E; and E;. (d1) The
illustration of the EIL composed of EIG1 and EIG2. (d2)
The lattice state

soliton dynamics under the competition between the
generation of surface solitons due to the nonlinear lo-
calization and the Bragg reflection due to PBG. With
the flexible controls in the experimental parameters,
we can easily explore various parameter spaces and ob-
serve interesting phenomena in forming the 2D surface
solitons. These studies will be useful for understand-
ing the fundamental mechanisms in soliton formation
and dynamics, and can open new ways to control the
diffraction of optical beams and develop new schemes
for spatial optical switching!*3!, pattern formation!!4l
in optical communication and all-optical image pro-
cessing.

The spatial periodic modulation of surface soliton is
originated from the EIL. In Fig. 32 (b), the two strong
pumping beams ki and k, (ks and k) interfere with
each other to induce a horizontally aligned grating in
X-Z (Y-Z) plane with a period A; = A;/2sin(60;/2)
(Ay = Xo/2sin(h2/2))*2. With these gratings, the
incident beam can have intense Bragg reflection. The
generated FWM signals Er; (TM polarization with
respect to EIG1) and Eps (TE polarization with re-
spect to EIG2) are the Bragg reflected signals of the
probe beam FEs (launched obliquely into the grat-
ings EIG1 and EIG2), respectively'®. For instance,
as shown in Fig. 32 (c), the incident probe beam
has an angle a with respect to the tangential di-
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rection of EIG1, which can be decomposed into two
components!!fl. One component propagates tangen-
tially to the interface between the EIGs and the uni-
form medium and its propagation characteristics can
be represented by the surface wave propagation con-
stant 3. The other component propagates in the
direction normal to EIGs, which can be character-
ized by the Bloch wave vector k. Similar to the
Snell’s law, the Ep; beam (as the Bragg reflected
probe beam), is symmetric to the incident probe beam
with respect to the normal direction of EIG1, and
therefore it is also the syntheses of the tangential
surface wave component and the normal Bragg re-
flected component. The surface-wave component of
the probe beam propagates along the z direction
in Fig. 32 (c), parallel to the interface between the
EIGs and the uniform medium, while FWMI1 prop-
agates along the z axis in Fig. 32 (c). The coordi-
nate’s rotation transformation components between
these two frames are £ = £ cos(f; /2) — zsin(6;/2) and
Z = &sin(0;/2) + z cos(0;/2), where i = 1 & £ = x are
for EIG1 and i = 2 & & = y for EIG2, respectively.
Since 6; is very small, the surface-wave component is
the dominant one in the generated FWM signals Epq
and FEgs.

To force the incident probe beam to excite the
surface mode and form the surface soliton, we
should adjust the Bloch wave vector x to fall into
the forbidden band, so the normal Bragg reflected
component is attenuated. When the laser beam
propagates at the edge of the EIG and homogeneous
medium, the FWM signals can be expressed as:
ER ,(€) = Eu(¢)expli(s€ + B2)] for ¢ > 1 and
Egu(ﬁ/) = aexp(ifz + qafl) for £ < 1, where ¢
represents z or y/, and fl = 1 defines the boundary of
the EIG and homogeneous media. Here, in the forbid-
den band, there must exist K = mm/A; + ix with m
being positive integer, in which the nonzero imaginary
part x is the attenuation coefficient along the §,—axis
in the EIGs for the normal Bragg reflected compo-
nent. Another parameter, g, = /32 — [(wi/c)na)?
is the attenuation coefficient along the transverse
axis in the homogeneous medium, in which n, is
the refractive index (n, = ny + nol with ny = 1).
Propagation constant (3 of the surface wave com-
ponent can be obtained by solving the equation
mm/A; + ik = cos H{Tr[TA(B8,A;)]}/A; in the for-
bidden band, which is derived by the transfer-matrix
method and Bloch theorem in medium with period-
ically modulated refractive index[m, and Ty is the

|
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transfer matrix of one period in the EIGs. In the Kerr
medium, the periodic susceptibility can be expressed
by x(€) ~ x(€) + xP(€)|Bs|*sin®(6:/2).  For
one period, the transfer matrix can be expressed by
Ta(A1,B) =TI, Tj(A1, ) = [Tar(Ar, B)Taz (A1, B)]7,
TAl(Ahﬁ) = [TAll(Alaﬁ)TAm(Alaﬂ)]a and
Tro(A1,8) = [Ta21(A1,8)Th,,(A1,8)], where T
is the transfer matrix of the j-th layer when we divide
the whole period into N layers, and the dependencies
on the frequency (A;) and propagation constant [
are obvious.

The two EIGs are in different planes, so the inter-
action region between them is small and they can be
considered to be isolated. The experimental results
presented are obtained under such condition. The ex-
perimental configuration can also be changed to have
a second configuration in which EIG1 and EIG2 are
both in the Y-Z plane and the orientations of them
are deviated from Z axis by 22.5°, anticlockwise and
clockwise respectively, defined as y” and 2. In this
case, the two EIGs have considerable overlapping area
to construct a 2D EIL with a 2D periodic refrac-
tive index due to periodically modulated atomic co-
herence. Specifically, the level splitting due to the
dressing by the strong pump beams can significantly
affect the susceptibility and further modify the refrac-
tive index!'®l. At the position where the antinodes of
the standing wave created by fields E; and E; come
across that of the standing wave created by Ey and
E,, the naked level |1) will be split into three dressed
levels |[++), |+—) and |—) after being doubly dressed
by E, & E, and E, & E,, as shown in Fig. 32 (d1),
so the refractive index is strongly modified by these
two field pairs'?. In contrast, at the position where
the nodes of the two standing waves overlap, level
[1) is not dressed and the index will not be modified.
When the antinodes of one standing wave encounter
the nodes of the another standing wave, level |1) will
be split into two dressed levels |+) and |—) and the
index will be modified only by a single field pair. The
spatial periodical distribution of these three cases can
lead to a lattice state as shown in Fig. 32 (d2) and
further distinguished 2D periodic index modulation
as illustrated in Fig. 32 (d1). The sensitivity of such
index modulation to the detuning of the probe field
and powers of the dressing fields leads to the tunabil-
ity for the soliton formation by multi-parameters.

The propagations of FWM1 and FWM2 under ei-
ther 1D or 2D modulations and diffraction can be ex-
pressed by

= S5 S B2 42 [nd B Plen(z") + (1= Q) + nd 2By Py )] } Bey (26-1)
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where V2. is the Laplace operator with respect to the z
and y axes and describes the diffraction. The 3" and
2" axes denote the orientations of EIG1 and EIG2,
respectively. In these equations, u(¢) = cos?(n&/A;)
for ¢ > 1 and p(&) =1for & <1 (£ =2,y,y",2")
represent the periodically modulated refractive index
pattern inside the EIGs (£ > 1) and the uniform in-
dex outside (¢ < 1) the EIGs (¢ = 2/, y” for EIG1 and
& =y, 2" for EIG2), respectively. Surface solitons
can be generated at the interface of these two regions
with a high refractive index contrast. The factor ¢ =0
or 1 is introduced to describe the assembling of EIG1
and EIG2 into EIL, i.e. ¢ = 1 for sufficiently large
overlapping area as in Fig. 32 (d), and ¢t¢ = 0 when
overlapping area is not sufficiently large as in Fig. 32
(b). With ¢ = 1 both FWM signals suffer from the
modulations of the lattice with the indices varying
periodically in two directions according to p(y”) and
w(z"). In Eq. (26-2), ny is the linear refractive index
at wi; ng 1.2 are the self-Kerr coefficients of FErq and
FEgsy, and nf 1=X4 are the cross-Kerr coefficients from
and FE; > and E1,2 respectively. These Kerr nonlin-
ear coefficients can all be calculated by the general
expression ny = Rex® /(epeny).

A qualitative analysis of the Eq. (26-2) is available
when the diffraction and SPM terms are neglected,
in which the phase profile distortion of FWM by
the EIL or EIG is considered™. This will allow
the linearization of Eq. (26-2) with respect to x
and y, and obtain a set of solutions with phases for
Epy and Epg as ¢p1 = 2kpi{ndEP[cp(y”) +
(1 = Ou@)| + nXiEPeu(z")bz/ni  and
Spr = 2kpa{ng 3| EyfPsn(z") + ng B [only”) +
(1 = ¢)i(y)]}z/n1, both of which is 2D (1D) pe-
riodic at ¢ = 1 (¢ = 0). The curvature of such
distorted phase front is periodically alternative
to be positive and negative, so the FWM sig-
nal is 2D or 1D periodically modulated. We
also can obtain the modulation periodic of FWM
FWML (FWM2) has period Af %,
nlA%/k’Fl,Fgﬂ\Ei)Q|2n§1’X4z along 2’ (y') axis at
¢ =0, and Alzfﬂ/ll’Fz = my A2 /kpy port| L )P0y P2 and
Af?/l/,Fz = 1 A2 /kpy pomt| Ey|?ny 232 along 3 and 2"
axis at ¢ = 1.

In Ref. [20], one can find the details of 1D surface
soliton, here we will focus on the 2D surface soliton.
After adjusting the parameters such as frequency de-
tuning, power set at their optimal values, sufficient
intersection area becomes essential for the formation
of the lattice state and EIL illustrated in Figs. 32 (d2)

signal:

= 2 L2 Bl + 2 [ 1By Pon(=") + nd By Pon(y) + (1 = Or))] | Bre  (26-2)
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FIG. 33. (a) The images of the FWM1 signal when EIG1
is rotated by ten discrete angles with EIG2 not rotated
in (al) and rotated in (a2). (b) The images of FWMI1
signal (bl) when the power P; of the pump beam E1 is
successively set at eight discrete values (6 uW, 8 uW, 10
uW, 12 uW, 14 pW, 16 upW, 18 pW and 20 pW) with
EIG1 rotated and EIG2 not rotated, respectively; (b2) the
images of the FWM1 signal when the power of E; changes
as that of E; in (bl) and the power of E, is fixed at 10
uW, with EIG1 rotated and EIG2 both rotated

and (d1), and the generation of 2D surface solitons
propagating along the corner of this EIL, so the beam
configuration is reconstructed. In this reconstruction,
the orientations EIG1 (EIG2) are anticlockwise (clock-
wise) rotated in the Y-Z plane. We define « as the an-
gle between the orientations of the two EIGs and the
maximum is 45°. The images of FWM1 are recorded
at ten discrete positions in the rotation process of
EIG1, as shown in Figs. 33 (al) and (a2). FWM1
in Fig. 33 (al) only shows modulation in y”-direction
due to the small intersection area when EIG2 is not ro-
tated, though the rotation of EIG1 increases the area
on a certain extent. In contrast, in Fig. 33 (a2), there
are periodic modulations of FWM1 in two directions,
which become increasingly significant with increasing
v, because the intersection area has been gradually
enlarged and the area with lattice state gradually ex-
tends.

Next, the evolution of the FWMI1 solitons is inves-
tigated when the pump fields E; and Eé are changed,
respectively. In Fig. 33 (bl), EIG1 is rotated to have
large v, while EIG2 is not rotated. Thus, one can
easily see that the FWM signal remains periodically
modulated in y”-direction. Here, increasing P; only
has the effect of decreasing the modulation period. In
Fig. 33 (b2), EIG2 is rotated, and therefore the 2D
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modulation of FWMI1 is formed. When the power
of Eé increases, the periodic stripes in one direc-
tion of such 2D modulations become denser. Such
tur/llability can be well explained by the expression

A2 = A2 /kpy 7| Fy>na 22 in which larger Py will
lead to a smaller modulation period and it further
verifies that the 2D EIL is composed of two tunable
EIGs with different spatial orientations.

In summary, we have discussed the formation and
dynamics of the 2D surface solitons in FWM signals
in the atomic medium. Such surface solitons propa-
gate along the interface between the uniform medium
and the EIL, which is composed of two EIGs. Such
investigation will be important in understanding the
fundamental mechanisms in soliton formation and dy-
namics. It also open new ways to flexibly control the
diffraction of optical beams and designing new devices
for optical image storage, processing and communica-
tion.

V. QUANTUM CONTROL OF MWM

A. Fluorescence in MWM

Traditional fluorescence is defined as emitted light
by an object which usually has a longer wavelength
than the absorbed radiation. However, in the case
that there are two photons absorbed by one atom,
the emission with wavelength shorter than the pho-
ton absorbed can be obtained. Furthermore, the emit-
ted field may also be of the same wavelength as the
absorbed radiation, termed “resonance fluorescence”.
FWM process is often accompanied by single-photon,
two-photon and three-photon fluorescence processes,
which can be also affected by dressing effect.

1. Two- and Three-Photon Fluorescencesf accompanying
with FWM

This section provides a brief description of two-
photon fluorescence process which is accompanied
with the MWM process. In our theoretical and exper-
imental scheme, both MWM and fluorescence signals
are transmitted in EIT window. Therefore, compared
with resonance fluorescence, the fluorescence process
with MWM has several distinct differences and ad-
vantages. First, extremely narrow fluorescence signals
(about 50 MHz) can be obtained in an open-cycle
atomic system, since the generated fluorescence sig-
nals fall into EIT windows. Such fluorescence signals
with extremely narrow linewidths have not been re-
ported before, either experimentally or theoretically.
This will allow us to investigate the quantum cor-
relation and narrow linewidth laser since the gener-
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FIG. 34. The diagrams of (a) two-level, (b) a three-level
V-type, (c) a three-level A-type, (d) a three-level Z-type,
and (e) four-level Y-type atomic systems, respectively

ated fluorescence signal is of very high in coherence
and monochromaticity. Second, by individually con-
trolling the EIT windows, fluorescence signals can be
clearly separated or superimposed selectively. Third,
the amplitude of the fluorescence signal can be con-
trolled by changing the intensity and frequency of
pumping laser via Dark states.

In order to give a clear physical description of the
fluorescence process, we consider six kinds of atomic
level structures, two-level, three level V-, A-, and =-
type, four-level Y- and inverted Y-type atomic sys-
tems, as shown in Fig. 34. First, for two-level sys-
tem (Fig. 34 (a)), the single- and two-photon flu-
orescence signals R; and R will be generated due
to spontaneous emission of photons from |1) to |0),
which can be described by the Liouville pathways (R;)

poo <5 plg = iy and (Rs) pfg <5 pfy) =2
p(%) v pg?’) -, p(u), respectively. Next, for the
three-level V-type system (Fig. 34 (b)), there ex-
ist two single-photon fluorescence signals R; (from
[1) to |0)) and Rs (from |2) to |0)), and two two-
photon fluorescence signals R3 (from |1) to |0)) and
Ry (from |2) to |0)), which can be described by the

Liouville pathways (R1) pjy < pig —= pi7, (Ra)

<0> w2 (1) —wa pé22), (R3) p (0) wi, %) —w2

P20
p(zg) 22, p8) =9 oY and (Ra) pé%) 22, poy —

p$2 e p3) =22 () Then, for the three-level A-
type system (Fig. 34 (c¢)), the decay of photons from
[1) to |0) will generate single- and two-photon fluores-

cence signals Ry and Ro, which can be described via
(0) wi o (1) —wr (2)

the Liouville pathways (R1) popy — Pig —— Pi1
0 w 1 —w 2 w 3 4
and (R2) E)o) - P(lo) —> Pgo) — Pgo) P(11)7

respectively. While for the Z-type system (Fig. 34
(d)), there is only one single-photon and one two-
photon fluorescence signals Ry and Ry, which can be
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represented by the Liouville pathways (R;) péo) 1

pgl) -, p(l) (spontaneous emission from |1) to |0))

and (Re) phy < iy <2 phy == b)) =2 ply)
(spontaneous emission from |2> to |1)), respectively.
Further, for the four-level Y-type system (Fig. 34 (e)),
there is additional two-photon fluorescence signal Rg3
compared to the three-level =-type system (Fig. 34

|

(d)), which is the spontaneous emission form |3) to

[1)), and can be expressed by the Liouville pathway
w w —w —w 4

(Rs) ply 5 plo <2 plg == pf) =% pi). Here,

we only give the corresponding doubly dressed den-

sity matrix elements for the four-level Y-type system

as follows:

Pﬁ = —|G1*/[T11(dy + |G| /d2 + |G3|? /d3)] (27)
022 |G1*|Ga* /[Taadyda(dy + |G2[*/(dy + |Gs|* /ds))] (28)
P53 = 1G12|Gs[?/ [Tssdids(ds + |Gs[?/(di + |Gal?/da))] (29)
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FIG. 35. Measured probe transmission (upper curves),

MWM (middle curves) and fluorescence (bottom curves)
((a) and (c)) versus A1, (b) versus Ay at discrete Ay in
four-level Y-type ((a) and (b)) and inverted Y-type (c)
atomic system

where dq = I'1g + iAq, do = T'yo + (A1 + Az), ds =
F30 +Z(A1 + Ag), d4 = Fgl +ZA2 and d5 = I—‘31 +ZA3
Finally, the four-level inverted Y-type system (Fig. 34
(f)), will also generate an additional two-photon flu-
orescence signal R3; compared with =-type system,

which can be presented as (Rs) plo) <1 pll) =8,

p(%) w3, p(3)
1) to [0)).
With A; scanned, the probe transmission, FWM
and fluorescence signals (Fig. 35 (a)) in Y-type sys-
tem are obtained. In the fluorescence signals, the big
background represents the single-photon fluorescence

-, p( ) (spontaneous emission from

Ry (pﬁ)) and the other two small sharp peaks on

it are the two-photon fluorescence R (p22 ) and R3

(pé?))). And Fig. 35 (b) represents the measured sig-

nals by scanning As at discrete A; . Similarly, for the
ﬂuorebcence signal, the profile expresses the dressed
Ry (p11 ) by Es, the dip lower than the correspondmg

baseline represents further dressed R; (p11 ) by Es,

(

and the peak within the dip is the two-photon fluo-
rescence signal Ro (péQ)) Furthermore, Fig. 35 (c)
represents the probe transmission, SWM and fluores-
cence versus Aj in inverted Y-type system. Same as
before, the big background represents the fluorescence
R and R3 (P§1) and pﬁ)), and the small sharp peak
on it is the two-photon fluorescence R, (pg;)).

The difference between two-photon fluorescence and
the FWM signals can be seen from Liouville pathway.
First, the FWM signal is caused by the atomic coher-
ence effect while the fluorescence signal is induced by
spontaneous decay of photons pumped to the upper
levels. Then, the direction of FWM the signal is de-
termined due to the limitations of the phase-matching
conditions but the fluorescence signal is not. Third,
FWM process follows the closed-loop path while the
fluorescence process does not. The extremely nar-
row fluorescence signal with very high coherence and
monochromaticity introduced here can be used for the
quantum correlation and narrow linewidth laser.

2. Opening Fluorescence and FWM via Dual EIT
Windows

In this Section, we compare the probe transmis-
sion, FWM and fluorescence signals under dressing
effects. The ultra-narrow two-photon fluorescence sig-
nal, which is sheared twice by EIT window, is ob-
tained in ladder or Y-type atomic system. Such flu-
orescence with very high coherence and monochro-
maticity can be potentially applied in metrology, long-
distance quantum communication and quantum cor-
relation. Also, we investigate the interaction effect
between two ladder subsystems on the measured sig-
nals. Moreover, the amplitude of the signals can be
effectively controlled by the incident beam intensity
and frequency detuning.
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FIG. 36. (a) Relevant *Rb four-level Y-type atomic sys-
tem. (b) Spatial beam geometry used in the experiment

Three types of fluorescence due to spontaneous
emission are detected that the decay of photons from
|1) to |0) will generate single-photon fluorescence sig-
nal RO (wavelength 780 nm), and the decay of photons
from |2) and |3) to |1) will generate two-photon fluo-
rescence signals R1 and R2 (wavelength 776 nm), as
shown in Fig. 36 (a). Compared with FWM, the flu-
orescence signals are non-directional and detected by
another photodiode. The two-photon fluorescence sig-
nals can also fall into the EIT windows and form the
Doppler-free sharp peaks.

As described in the Section 1, for the fluorescence
signals, the single-photon fluorescence RO is described
by p(()%) B, p%) B, pﬁ). By solving the cou-
pled density-matrix equations, the expression of the
density-matrix element pﬁ) can be obtained as pﬁ) =
—|G1]?/(d1T'11), the amplitude square of which is pro-
portional to the intensity of RO. When the beams

E5 and FEs5 are turned on, the fluorescence process

RO can be doubly dressed, and the expression of pﬁ)
should be modified as p{2, = —|G1[2/[T11(dy +
|G2|?/d2 + |G5|?/d3)]. For two-photon fluorescence

R1, via Liouville pathway pé%) L, P%) LN pé%) B,

)¢
pé?i) (B, pgé) we can obtain the density-matrix

element pgé) as pgé) = |G1]?|G2|?/(Taad1dady), the
amplitude square of which is proportional to the
intensity of R1. Considering the self-dressing ef-
fect of FEs and E;, the expression of pgé) should
be modified as pg42)SD = |G1|2|G2|2/[F22d1d4(d2 +
|G2|?/d1)].  When Es the beam is turned on,
its dressing effect should be additionally consid-
ered and the doubly dressed fluorescence process
R1 is given as pib),, = |G1|2|Gal?/[Taadida(ds +
|G2|?/(d1 + |G3|*/d3))]. Correspondingly, the fluo-
rescence signal R2 is related with the density-matrix
element pé? = |G1]?|G3)?/(T'33d1d3zds).  Similarly
with R1, the singly dressed R2 process is given as
Phisp = |G112IGs[?/[Dasdrds(ds + |Gsf?/dh)). and
doubly dressed R2 process is given as péé)D D =

(a1) (@2) (a4)
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FIG. 37. Measured probe transmission (the upper curves),
FWM (the middle curves) and fluorescence (the bottom
curves) versus A;. (a) Pr = 1 mW and Aj set as (al)
400 MHz, (a2) 250 MHz, (a3) 0 and (a4) —250 MHz, re-
spectively, with Az = 0; (b) P, = 6 mW and Aj set as
(b1) 250 MHz, (b2) 100 MHz, (b3) —100 MHz and (b4)
—250 MHz, respectively, with Ay = —100 MHz and Eé
blocked. The other experimental parameters are P, = 12
mW, Py =8 mW, P; = 22 mW, Ps = 16 mW

G11?1G3[*/[Tasdids (ds + |G3[*/(di + |G2|?/d2))]-
Figure 37 presents the measured FWM and fluores-
cence signals via the EIT windows versus A;. First,
with all five beams on and P, = 1 mW, the measured
curves under different Ay are depicted in Figs. 37
(al)~(ad). In the probe transmission, two EIT win-
dows arise at Ay = —As and A; = —Ag (labeled
as P1 and P2) within the Doppler absorption back-
ground. The FWM signals F1 and F2 fall into the
two EIT windows respectively. As A, changes, the
EIT window P1 and FWM signal F1 shift from left
to right, and overlap with the fixed EIT window P2
and FWM signal F2 at Ay = Az = 0 (Fig. 37 (a3)).
For the fluorescence signals, the big background curve
represents the single-photon fluorescence RO (p(121))
The other two small sharp peaks on it are the two-
photon fluorescence R1 (,ogé)) and R2 (p§43)) falling into
the EIT windows. The intensity of fluorescence R1
reaches its maximum at the resonant point (As = 0,
Fig. 37 (a3)) and decreases gradually as As is set far-
ther from resonance (from Fig. 37 (a3) to 2(al)), due
to the effect of single-photon term d; and d4 in p242 .
Next, when Pj; increases to 6 mW, the dressed sig-
nals are shown in Figs. 37 (bl)~(b4) where Ej is
blocked. Here, the FWM signal F2 disappears due
to the absence of E; and the fixed FWM signal F1
shows AT splitting from the self-dressing effect of
E, (E,), denoting by the dressing term |Ga|?/dy in
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pgi pp- When the EIT windows P1 and P2 overlap
in Fig. 37 (b3), F1 is suppressed obviously due to the
dressing effect of F3 denoting by the dressing term
|G3|?/d3. In the fluorescence signals, two suppres-
sion dips lower than the background curve containing
sharp peaks R1 and R2 can be observed. These sup-
pression dips are induced by the dressing effects of
E, (E,) and E5 individually, described by the terms
|G2|?/dy and |G3)?/d3 in pﬁ)DD. Such dressing ef-
fects can be modulated by E; according to pgzl)D D>
therefore when P is small (Fig. 37 (a)) the dips are
invisible.  When Az moved far from resonance, the
dip at Ay = —Aj gradually becomes shallower, corre-
sponding with the weakened EIT. On the other hand,
the R2 peak gets slightly higher with Ag increasing
(from Fig. 37 (b2) to 2(b1)), which is entirely differ-
ent from the case in Fig. 37 (a) where R1 peak weak-
ens with As increasing. This is for the reason that as
the power of FE; increases, its dressing effect on the
two-photon term d3 in pé? should be considered, ex-
pressed as d3+|G1]?/ds. Hence the fluorescence peaks
R1 and R2 are suppressed around the resonant point.
More importantly, the fluorescence peak R2 within the
dip can be seen with ultra-narrow linewidth (about 10
MHz), which is much narrower than the EIT windows
(about 50 MHz). Such high-resolution fluorescence is
generated because it has been sheared twice by the
EIT window P2. First, due to the two-photon dress-
ing term |G3|?/ds, the single-photon term d; of p(lzl)
is clipped out, resulting in the suppression dip on RO,
which is of the same width as the EIT window P2.
Further, such clipped single-photon term, as a factor
of two-photon term ds, participates in the process of
two-photon fluorescence R2 (p§43)) which also stays in
the EIT window P2. Therefore, the fluorescence is
sheared for the second time to an ultra-narrow peak.
Similarly, in the |0) — |1) — |2) subsystem the fluores-
cence R1 can be also sheared twice by the EIT window
P1 and therefore with ultra-narrow linewidth.

In the following, we observe the dressing effects and
the interplay between two ladder subsystems by scan-
ning As. When E;, E; and Eé are turned on, we
first study the singly dressed signals in |0) —|1) — |2)
subsystem, as depicted in Figs. 38 (al)~3(a3) with
different A;. In the probe transmission signals, the
heights of baselines (horizontal background) represent
the Doppler absorption background at correspond-
ing Ay. EIT peaks higher than baselines appear at
A1+ Ay =0, EIA dips lower than baselines satisfying
A1 + Ay = |G2|?/A; can be observed at large de-
tuning (Figs. 38 (al) and (a3)). The FWM signal F1
with double-peak structure can be observed in Fig. 38
(a2) due to the synthesis of the self-dressing effect
and the two-photon emission feature. Such double-
peak structure becomes unobvious in Figs. 38 (al) and
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FIG. 38. Measured probe transmission, FWM and fluo-
rescence versus Ay with (a) Es and Es blocked and A,
set as (al) —350 MHz, (a2) 0 MHz and (a3) 350 MHz; (b)
E; blocked and Ag set as (b1) —50 MHz, (b2) 0 MHz and
(b3) 50 MHz with fixed A; = 0. The other parameters
are P =4 mW, P, = 14 mW, P2/ =7mW, P; =25 mW.
The calculations of fluorescence are presented below the
measured curves. Especially, the dash lines represent the
calculated RO and the dash-dot lines represent the calcu-
lated R1

(a3), since the dressing effect weakens at the large fre-
quency detuning. For the detected fluorescence signal,
the baselines with suppression dips represent fluores-
cence RO, and the peaks within the dips are fluores-
cence R1. With Aj set far from resonance, the dip
gradually becomes shallower, and eventually almost
invisible at large detuning (Figs. 38 (al) and (a3)), as
corresponds to the weakening process of EIT. On the
contrary, the peak gets stronger with A; increasing,
for R1 is suppressed around the resonant point accord-
ing to the dressed term dg + |G2|?/d; in p§42)SD' More-
over, the suppression dips just fall into the EIT win-
dows satisfying A; + Ay = 0, and fluorescence peaks
at large detuning are in alignment with EIA satisfy-
ing Ay +As = |G2|?/A;. In order to demonstrate the
phenomena more clearly, we present the correspond-
ing calculations of fluorescence signals below the ex-
perimental curves. Especially, the calculated RO (the
dash lines) and R1 (the dash-dot lines) are displayed
separately. Such theoretical calculations confirm our
experimental analysis stated above.

When Ej is also turned on, the |0) —|1) —|2) and
[0) — |1) — |3) subsystems will interplay with each
other, resulting in some interesting phenomena as
shown in Figs. 38 (bl)~(b3). In the probe trans-
mission, the profile of baselines reveals the EIT in-
duced by E3 at A3 = —A; = 0 and the peaks over
each baseline are EIT induced by E, (E,). It is ob-
vious that the EIT induced by Ejy (Ej) is smaller at
Az =0 (Fig. 38 (b2)) than Aj is detuned (Fig. 38 (b1)
and (b3)). This is the result of the strong cascade-
dressing interaction between E, (E,) and Es near
A; = 0 according to the doubly dressed element
Popp = iG1/(dy +|Ga|?/ds + |G3|?/d3). The FWM
signal F1 shows double-peak structure induced by FE»
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(E;), and is additionally suppressed by external dress-
ing field F5 when Az = —A; (Fig. 38 (b2)). The
fluorescence RO is also suppressed by Ej3 as depicted
by the lower fluorescence baseline in Fig. 38 (b2), in
addition to suppression effect of Ey(Ey). Correspond-
ing to the EIT window, the suppression dip induced
by Ey(E,) is shallower at As = 0 (Fig. 38 (b2))
than Ajg is detuned (Figs. 38 (bl) and (b3)). On
the other hand, the fluorescence peak R1 in Fig. 38
(b2) is slightly stronger than the ones in Figs. 38 (b1)
and (b3), resulting from the enhancement effect of E;
around Az = —A; by considering the nest-dressing
term |G2|?/(d1 +|G5]?/d3) in pg;)DD. The correspond-
ing calculations of fluorescence are also presented in
Fig. 38 (b), which are in agreement with the experi-
mental results.

3. Phase Control of FWM and Fluorescence Channels

As described in the previous section, the fluores-
cence and the FWM signals can be effectively modu-
lated by dressed field frequency detuning and power.
Most recently, we found a new modulation method in
which dark state and bright state can be affected by
the relative phase of dressing field. In this section,
we demonstrate the switch between bright and dark
states by controlling the relative phase in a four-level
85Rb atomic vapor, which can be realized in experi-
ment by changing the angle « (For special illustration
of «, please see Ref. [1]) between incident field and
the cell of atomic vapor. In the relative phase con-
trol, the enhancement and suppression conditions of
the measured signals are significantly modified, and
therefore we can effectively modulate the transmitted
probe, FWM and fluorescence signals. The results of
this section are based on Ref. [1].

As described in section I, the single-photon flu-

orescence signal Ry can be obtained as p(121) =

—|G1|2(F11d1) via pé%) w_1> g})) —_w1> pﬁ) Such
expression can be doubly dressed as pﬁ)DD =
—|G1|2/[F11(d1+|G3|2/d3+|G2|2eiAq>/d2)}. The two-
photon fluorescence signal Ry can be obtained as
phy = |G1?|Gal?Taadidady via piy 5 ply) 2

pb2) =, B @2 )M which can be modified as

Ponp = |G1|Gal?/[Dazdyda(da + |Gal2e™ 2% /(dy +
|G3|%/d3))] with self- and external- dressing effects.
The other two-photon fluorescence signal R; is simi-
lar to Ry. According to the expressions above, it is
obvious that the dressing effect can be modulated by
manipulating the relative phase A®, and so the switch
between bright and dark states could be achieved. In
experiment, A® is controlled by changing the angle o

(the relationship between o and A® can be found in
Ref. [1]).
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FIG. 39. (a) Transmitted probe (top curves), FWM (mid-
dle curves) and fluorescence (bottom curves) signals ver-

sus Ay with F3 and Eé blocked and As = 100 MHz for
different A®: (al) 0, (a2) —m/2, (a3) —m. Powers of par-
ticipated laser beams are P, = 7 mW, P, = 17 mW and
P, = 8 mW. (bl)- (b3) Calculations of the transmitted
probe signals corresponding to the results in (al)-(aS)[m]

When blocking E3 and E;), we first show the evolu-
tions of the transmitted probe, FWM and fluorescence
signals under three typical values of A®, as shown in
Figs. 42(al)sim(a3). Under the normal configuration
where o = 0, the relative phase A® = 0 corresponds
to the factor ¢’*® = 1. Therefore, the dressing terms
will degenerate to normal ones which have been inves-
tigated in Ref. [70].

The signals under such normal condition is depicted
in Fig. 39 (al), from which we can see an EIT win-
dow appearing at A; = —A, in the transmitted probe
signal, relative lower FWM signal Epo falling into
this EIT window, and the two-photon fluorescence
signal Ro revealing as a sharp peak on the big back-
ground of single-photon fluorescence signal Ry, also
falling within the EIT window. With A® changed to
—m/2 (Fig. 39 (a2)), the EIT window in the trans-
mitted probe signal almost disappears and a small
EIA dip arises. When A® further changes to —m
(Fig. 39 (a3)), a strong EIA dip appears. Such switch
between dark (EIT) and bright (EIA) states is for
the reason that the dressing effect gets modulated as
A® is altered, denoting by the dressing term with a
phase factor |G5|?e'2? /dy in p%)SD. To illustrate such
phase controlled switch more clearly, we present the
corresponding calculations of the transmitted probe
signal in Fig. 39 (b). For A® = 0, the dressing
term |Go|?e'®® /dy behaves positive (satisfying sup-
pression condition) and normal dark (EIT) state ap-
pears (Fig. 39(b1)); for A® = —m, the dressing term
behaves negative (satisfying enhancement condition)
and so the dark (EIT) state switches to bright (EIA)
state (Fig. 39 (b3)); for A® = —m/2, the transi-
tional partial EIT/EIA could be seen (Fig. 39 (b2)).
This dark/bright state switch could result in the mod-
ulation of FWM and fluorescence signals. For the
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FWM signal Eps, it gets increased when A® = —7/2
(Fig. 39 (a2)) compared with that when A® = 0
(Fig. 39 (al)), since the arising enhancement dress-
ing effect of Ey (E3); and gets decreased again when
A® = —m, due to strong absorption. For the two-
photon fluorescence signal (in corresponding to EIA),
its intensity could be observed increasing straightly
from Fig. 39 (al) to 39 (a3).

In summary, we have discussed the phase control
of the switch between bright and dark states in the
FWM and fluorescence channels in atomic vapors.
Pure dark state can be switched to pure bright state
by controlling the relative phase from 0 to —7m. Such
phase controlled switch could have potential applica-
tions in optical communication and quantum informa-
tion processing when utilized in solid material such as
Pr-doped YSO crystals.

B. MWM Process in Ring Optical Cavity

In this section, we consider MWM process in the
ring resonator cavity. First, a brief discussion of the
relation between atom-cavity coupling strength and
cavity mode splitting, and how the intensities of in-
put and output are effected by atom-cavity coupling
strength is given. Next, noise squeezing with non-
linear media in the ring cavity is studied. As an im-
portant entanglement light source, squeezed light field
with FWM process will be also briefly discussed.

1. The Competition between VRS and OB of MWM in
Ring Cavity

Vacuum Rabi splitting (VRS) has been reported
when single two-level atom and N two-level atoms
are strongly coupled with cavity mode. The frequency
distance of the VRS are 2¢g and 2G in above two atom-
cavity systems, where g and G = ¢gv/N are single-
and multi-atom coupling strength, respectively. The
coherently prepared atoms-cavity system will also re-
sult in the intra-cavity EIT results, optical bistability
(OB) and multi-stability behavior, which can deduce
close contact between VRS and OB behavior.

In the following, we will present investigation of the
relationship between the VRS and OB of the gener-
ated MWM cavity mode and achieve the goal to con-
trol VRS and OB simultaneously through the coherent
control of dark and bright states and get the inclined
VRS.

As shown in Fig. 40, the coupled atom-cavity sys-
tem consists of rubidium atoms confined in the four-
mirror-formed ring cavity, in which only the gener-
ated FWM (SWM) signal can form the cavity mode.
Figure 41 gives the transmission spectra of FWM

3)

APD " g M2

(2) (b)

FIG. 40. (a) A scheme of a ring cavity containing the
four-level atoms. (b) Scheme of four-level atomic system
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of the generated FWM cavity mode with N increasing.
Dashed curves are the transmission spectra of empty cav-
ity. The illustrations (a2)-(a4’) FWM cavity mode trans-
missions in smaller regions corresponding to (a2)-(a4)

(El,Eg,Eé) cavity mode, containing splitting posi-
tions and height of the multi-mode. For empty cavity,
the cavity transmission spectra has Lorenzian shape
and equal mode spacing (free spectral range Apgr),
shown as the dashed curves in Fig. 41. For the coupled
atom-cavity system, not only the zero-order longitu-
dinal mode is split with symmetrical center A; = 0
(Fig. 41 (al)), but also high-order modes are split by
the cavity field when increasing the coupling strength
g\/ﬁ to near or larger than Apgg, as the solid curves
shown in Figs. 41 (a2)sim(ad).

Next, the input-output intensity relationship under
steady-state condition is shown in Fig. 42, which dis-
plays OB behavior of the transmitted FWM cavity
mode influenced by dark state. In detail, Fig. 42 (a)
illustrates the output intensity of FWM cavity mode
versus probe input intensity (I;) and detuning Aq,
which represents the modulation of VRS in frequency
domain and input-output relationship (OB behavior)
simultaneously. With I; increased, the spectra of
the transmitted FWM cavity mode expanded rapidly
when A; is scanned, as shown in Fig. 42 (b). Figure
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FIG. 42. The theoretically calculated input-output inten-
sity relationship of the system. (a) FWM transmission
output changes with both probe detuning and probe in-
put intensity; (b) FWM transmission output with probe
detuning at different probe input intensity; (¢) OB at dif-
ferent probe detuning; (d) probe input intensity versus
probe detuning with the dots of up branch standing for
the right OB threshold of the OPA FWM process and
dots of down branch standing for the left one

42 (c) obviously shows OB hysteresis cycle and the
threshold of the optical parametric amplifier (OPA)
FWM process, and reveals that the increased |Aq]
can result in a significant change of the OB behav-
ior with the increasing of right OB threshold value.
Finally, Fig. 42 (d) displays the OB threshold values
at different Ay, in which the left OB threshold value
shifts slowly while the right one shifts sharply. More-
over, Fig. 42 (d) directly predicts there is no OB at
or close to the position of dark state (A;/T'yy = 0),
which results from disappeared linear dispersion at
A1/Tyq = 0 by the interference between two possible
absorption channels |0) — |£) induced by g?N.

We have discussed the control of the multi-dressed
VRS and OB behavior of transmitted cavity MWM
signal. We find that the VRS results from the atom-
cavity collective effect induced by high atom density
while the OB behavior results from the sufficiently
strong feedback effect.

2. Squeezed Noise Power with MWM in Cavity

The quantum correlations have been revealed in the
output and idler signals from type-I and type-IIl3-4
OPA inside an optical cavity, which have attracted
increasing interests recently. Moreover, the FWM
and SWM processes, which are assisted by the EIT
in multi-level atomic systems, are efficient sources for
squeezed radiation and correlated photons. Recent ex-

periments have demonstrated the slowing down[®~7,
storage and retrievall®9 of squeezed states of light
through EIT in multi-level atomic systems!0~12]
which are important to implement quantum network
protocol13:14]

In this section, we theoretically investigate the
quantum correlations (noise power) of the generated
FWM and SWM signals inside an optical cavity, in
which the generated FWM signal can be considered as
the input field to participate in SWM nonlinear pro-
cess, and vice versa. These processes can be expressed
with interaction Hamiltonian Hi,; = ihﬁ&;dg + c.c.,
where k = YO EZ + x®)E3E? is the nonlinear cou-
pling coefficient proportional to the susceptibilities
(x®® and x(®) and the amplitudes (E; and E3) of the
other two intensive coherent fields, ar and ag are an-
nihilation operators of the generated FWM and SWM
fields. For random annihilation operator, it can be de-
scribed with amplitude & and phase y as quadrature
components @ = (& + i9)/2, in which & and § satisfy
the canonical commutation relation [Z,§] = 2i.

The equations of motion for the two cavity modes
(ar and ag) can be obtained by solving the Langevin
equation:

da . ck . . N
Z20F —i(A — L nip)ar — (v + ve)ar + nag
de Nnor
+/2ValR + \/27:6p (30)
da . ck . R N
d—s = —i(A — —Snls)as — (v +e)as + HCL;
t nops
+4/2745 + /2.5 (31)

where @i (a?) and ap (Gs) represent input and in-
tracavity FWM (SWM) mode, ép (és) is the vac-
uum mode coupled into the FWM (SWM) mode, A
is cavity detuning, v represents the same decay rate
of FWM (SWM) signal, v, is the other losses in cav-
ity. nor (ngs) and nip (nir) are the linear refractive
index at wp (wg) of FWM (SWM) signal in vacuum
and medium, respectively. In our energy level system,
kr = ks = wing/c with wp = wg = w; and nop =

nos = no and nip = nyg = /1 + RGXS()S), where the

linear susceptibility is given by Xi‘l()s) = Dp%)F(S) with

D= Nu%(s)/(heoGF(s)). Hp(s) is the dipole matrix el-
ement between the states coupled by Er(Es). Here,
we can control the quantum correlations through the
control of dark and bright states introduced from nip
(nls).

As shown by the dashed line in Fig. 43, when the
other coherent fields are blocked, there are no gen-
erated FWM and SWM processes, so the quantum
correlations of the FWM and SWM output modes
correspond to the shot-noise limit (SNL). However,
when the coherent fields are injected into the cav-
ity, the noise power spectra of the quantum correla-
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FIG. 43. The noise power spectra of the quantum cor-
relations of the quadrature versus A. (a) for amplitude
correlation and phase anticorrelation. (b) for amplitude
anticorrelation and phase correlation

tion of the quadrature of the FWM and SWM output
fields are observed shown as the solid lines in Fig. 43,
which show that the amplitude correlation and the
phase anticorrelation become more noisy (Fig. 43 (a)),
while the degrees of the amplitude anticorrelation and
phase correlation increase. These phenomena satisfy
the Heisenberg uncertainty relation.

3. Generation of Three-Mode Continuous-Variable
Entanglement with MWM

Quantum entanglement attracts great interests in
recent years since it is the central resource for the
applications in quantum communication and compu-
tation. Bipartite continuous-variable (CV) entangle-
ment was experimentally obtained by Ou et al.['5~17]
and multipartite entangled state was also produced
by using one single-mode squeezed state and linear
optics!'®~201 In this section, we will consider the
quantum nature of the pump in above-threshold OPA.

Here, we consider two beams, a pump field (a,,) with
frequency w, and a probe field (d1) (considered as a
weak injected field) with frequency wy, entering into
the optical cavity, shown in Fig. 41. The Stokes (ag)
and anti-Stokes (dag) fields with frequencies wg and
was can be generated simultaneously by the third-
order nonlinear process. To produce a Stokes pho-
ton and an anti-Stokes photon, a pump photon and a
probe photon must annihilate. For this scheme, the
Hamiltonian of the free modes in the optical cavity can
be written as Hy = hwyala, + hwialar + hwsalas +
hWASELLs&AS» and the interaction Hamiltonian in this
third-order nonlinear process can be written as Ho =
ihﬁ(&pdldgd:&s — d;ﬁd{dsdAs), where x is the effective
coupling constant proportional to the third-order non-
linear susceptibility (x®). Moreover, the Hamilto-
nian for the external inputs of the pump and probe
fields is given by Hs = ih(epd;r)fe;dp)Jrih(eldI76{&1),
where €, and €; are the classical pump and probe
field amplitudes. The losses of these modes in cav-
ity are given by Lip = ~i(2a:pa] — alaip — pala;)

—
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FIG. 44. (a) The diatomic systems consisting of 3x3. (b)
The energy level shift curves for different symmetries of
70s-70s (dashed lines), 70p-70p (dotted lines) and 69d-69d
(solid lines) of rubidium

(i =p,1,S, AS), where ~; is the damping constant for
these cavity modes. Based on the above equations,
one can investigate the entanglement characteristics
of our scheme. Meanwhile, we can also introduce the
effect of dark state to control the entanglement be-
tween these cavity modes.

We have considered a scheme to directly produce
bright three color CV entanglement by OPA FWM
process above-threshold. In our scheme, three color
entangled beams can be produced x(®) nonlinear pro-
cess, in which the nonlinear interaction and conversion
efficiency can be enhanced through dark state.

C. MWM with Rydberg Blockade

With the development of modern laser cooling and
trapping techniques, the so-called ultra-cold Ryd-
berg gases and plasmas have been experimentally
created, in which the atomic or plasmic density is
very high and the Rydberg interaction becomes very
strong?'~24 " which attracts more and more atten-
tion due to their wide range of applications, such
as quantum computing and scalable quantum infor-
mation processingl?42°/. Among such applications, it
has been proposed to realize the quantum logic gates
by employing the sensitivity of the highly excited
state energy to the interaction between neigh boring
Rydberg atoms!?$27].  Also, the phenomena related
to atomic coherence, such as coherent population
trapping[®®!, stimulated Raman adiabatic passage!?]
have been demonstrated in Rydberg atomic assemble.
Such progresses give the possibility of controlling the
dressed MWM process by the Rydberg blockade.

It is well known that the probe transmission, and
enhancement and suppression of FWM signal can be
controlled by the dressing effect of light field which
modifies the unperturbed levels significantly!:30-31]
and depends on the detuning of dressing field strongly.
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FIG. 45. (a) The energy levels of a quadratomic system in atom states; p is the dipole matrix element between [40s)
and |40p). The right panel illustrates the corresponding energy levels in pair sates, in which A is the energy gap between
|40s40s) and [40p40p). The eigen-frequencies of the two levels E(R) (the upper curve) and E_(R) (the lower curve)
versus € (R fixed) with both the primary and secondary Rydberg blockades being considered

As the Rydberg blockade could shift energy levels, it
can modulate the probe transmission and FWM signal
via the modified dressing field detuning. Our work is
focused on the MWM process under the modulation
of both the dressing effect and Rydberg blockade.

In the follwing, we will introduce that the principle
of how to control the probe transmission and MWM
processes by the interaction between the dressing ef-
fect and primary blockad (or between the dressing ef-
fect and secondary blockade).

For two atoms with Rydberg levels, there exists
considerable interaction between them, and there-
fore they constitute a diatomic system, in which the
atomic coherence and FWM can occur. For two sin-
gle atoms with the three-level subsystem (|0) — |1) —
[2)), 3x3=9 energy levels will be generated in the cor-
responding diatomic system, as shown in Fig. 44 (a).
Due to the long-range interaction potential between
Rydberg atoms with high principal quantum number
n, there will be an energy level shift from the unper-
turbed energy level. Such interaction-induced energy
shift is called as blockade effect. In Fig. 45 (b), the
energy level shifts around n» = 70 in Rubidium are
displayed. The inter-nuclear distance R can be exper-
imentally controlled by changing the atomic intensity,
i.e., the cooling conditions in magneto-optical trap in
ultra-cold gas or the temperature in hot atom vapor,
and such level shift can effectively influence the dress-
ing effect and therefore the MWM process.

Furthermore, if the Rydberg energy level of a di-
atomic system has strong probability of dipole tran-
siting to that of another diatomic system, the per-
turbation will make the eigen-frequency shift again,
as shown in Fig. 45 (a), in which A is the energy
gap between the levels without transition perturba-
tion. We call this effect as the secondary blockade
to distinguish from the first blockade. The eigen-
frequancies of the perturbed system can be written as
Ei = Ajgi(e) = A(€)/2 £ V/(A(e/2))2 + (u]/R?)2,
which is obviously related to A and equivalent to the

energy level shift after twice blockade. Here, py is
the transition dipole moment between two diatomic
levels. Moreover, A can be changed by the external
electric filed intensity e. Therefore, the energy level
shift based on primary and secondary Rydberg inter-
actions can also be A-dependent, as shown in Fig. 45
(b), in which the upper curve is for A (), and
the lower for A|s_(€). Therefore, the dressed FWM
processes can be also controlled by tuning e directly.

In recent works, we have proposed a scheme to con-
trol the MWM signal in Rydberg atoms by the inter-
action between the dressing effect and Rydberg block-
ade. In the diatomic system, the primary blockade can
be employed to modulate the enhancement, suppres-
sion and avoided crossing of doubly dressed FWM and
singly dressed SWM signals, by controlling the atomic
internuclear distance. In the quadr-atomic system,
secondary blockade occurs and besides the internu-
clear distance, the external electric field intensity can
be also exploited to effectively control the enhance-
ment and suppression of MWM signals. Moreover, we
have also demonstrated the anti-blockade effect, i.e.,
the elimination of primary blockade effect in MWM
process, through the counteraction between Rydberg
blockade and dressing effect from light field. Such
investigation can have potential applications in the
quantum computing with Rydberg atom as the car-
rier of qubit.

VI. SUMMARY

MWM process has shown profound impact upon op-
tical science. Hopefully, we have succeeded in explain-
ing the relationship between MWM and the earlier re-
lated ideas of coherent preparation of atoms by fields
and especially linked it with the concept of the dressed
state. Based on this relationship, the quantum con-
trol of MWM in many domains have been achieved,
as presented in the main body. Specifically, we have
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presented the coexisting and controllable MWM, as
well as the mutual competition with energy exchange
and spatio-temporal interference between coexisting
MWM processes. Also, the spatial shift and splitting
of MWM, as well as spatial gap solitons, vortex soli-
tons, charged dipole-mode solitons, and 2D surface
solitons are described. Furthermore, many nonlinear
optical phenomena related to the quantum nature of
light, such as fluorescence accompanying with MWM,
MWM process in cavity, correlated and squeezed light
and MWM in Rydberg atomic system have been in-
vestigated and presented. Coherent control of MWM
provides a new way to change the optical characteris-
tics of matter, and therefore paves a way to alter the
propagation of optical fields and enhances the gener-
ation of new fields.
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EIT
FWM
SWM
EWM
SPM
XPM
EISD
1D
DDFWM
AT
SPDC
RWA
DSFD
APD
EIG
EIL
PBG
EIF
cQ
EID
VRS
OB
SNL

VI SUMMARY

Symbol

polarization A grating period
susceptibility gV N coupling strength
wave vector A the envelope amplitude
electric field intensity Cm,n the Fourier coefficient
Frequency n the dipole matrix element
Rabi Frequency An refractive index contrast
frequency detuning e the ellipse orientation
atomic density Xm Fourier coefficients of the susceptibility
power Q the Raman resonant frequency
coherence length ok transverse propagation wave-vector
wavelength n the self-Kerr nonlinear coefficient
atomic density 1) the azimuthal coordinate
intensity nX the cross-Kerr nonlinear coefficient
nonlinear index m the integer number
modified group index ONL phase shift
nonlinear index H Hamiltonian

Abbreviation

electromagnetically induced transparency
four-wave mixing

six-wave mixing

eight-wave mixing

self-phase modulation

cross-phase modulation
electromagnetically induced spatial dispersion
one-dimensional

doubly dressed FWM

Autler-Townes

spontaneous parametric down-conversion
rotating-wave approximation
double-sided Feynman diagrams
avalanche photodiode detector
electromagnetically induced grating
electromagnetically induced lattice
photonic band gap

electromagnetically induced focusing
cubic-quintic

electromagnetically induced diffraction
vacuum Rabi splitting

optical bistability

shot-noise limit
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